7.8 APPENDIX: THE SCHRIEFFER-WOLFF TRANSFORMATION

In this Appendix, we present the complets denwation of the exchange
interaction in the Kondo Hamillomtan ffom the Andesson Hamilio-
nian. Because the Anderson Hamillossss contimns cmpiy as well as
doubly occupied impurity staies. 2 ransiormaiion et seacrales the
Kondo Hamiltonian is equivaicnt o 2 Gasonsisston of the Ander-
son Hamiltonian in the subspace of the Smsly ocoupeed smpurity states.
This diagonalization is carried out by the SchnefesWolll transforma-
tion [SW1966].

We first separate the Anderson Fannilossss 380 2 zeroth-order
part,

Ho =D ey +es > mg = Unpomy, (7.108)
ko "2
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and a perturbed part,

Hy = > V(@84 + 0)50k0)- (7.109)
k

To proceed, we perform a canonical or similarity transformation, S, on
the original Hamiltonian:

H =eSHe™S
— H 4 [SH] T g[S[S, HI+ .

Note that since e is unitary, S must be antihermitian. If we choose S so
as to cancel the linear dependence

Hy+[S,Hyl =0 (7.110)
on the perturbation Hy, the new Hamiltonian to lowest order becomes

~ 1
A = Hy+ 5[S.H], (7.111)

and, hence, incorporates charge fluctuations to second orderin Vi, . The
similarity transformation method is a general way of performing pertur-
bative analyses, once a small quantity has been identified.

The explicit form of § can be constructed by noting that because
[S,Hy] = —Hj, the operator § must contain terms « ay 44, further-
more, its commutator with Un 114 | yields < ng —yay a4, This suggests
that we try a transformation of the form

S = > (Ax + Bing o) aytas — hc., (7.112)
ko

where Ay and By are c-numbers to be determined by Eq. (7.110).
Using the commutators

[ndo"adO"J = —80'0-’ad0"
{ndU’ndU’] = i)

Ndond —:84pr| = —85gMd —alde — O goMdey> (7.113)
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together with the relation [A,BT] = —[A.B] provided 4 = 4" _we
straightforwardly evaluate the commutator of H, with § and Sad ‘

[Ho,S1 = > e (A + Bing o) @,045 + e

ko -
+ > €4 (~Ak ~ Bung o) 8y,845 + ke

ko =
+ U > (—Ang—y — Bang_o) 84 84s + ke

ko

= > (e — €1) Ak
ko

+ (ex — €2 — U)ng_o By — AxlUng oy sg, + ke, (7114)

whereA.c. denotes the hermitian conjugate InordertosatisiyEq . (7.110).
we require that (e —€7)Ax = Viygsandlg — e —U)Bg — A4 U = 0
so that

and

1 e
a(gtU) i

By = de[

Equation (7.112), coupled with the definitions of the constants Ay and |
By, specifies the Schrieffer-Wolff ransfornmaon.

To find the new Hamiltonian we nced to evalinaie the commutator |
[S : H 1]2

[S.Hil = > MaVeglne-lte* el

Kok o
— BiVealta o O * A0

+ BaVagly ot s+ A0 )] :
—AVedRe- s * KB (7-115);

where we have simplificd the sotaion by deimme o 2. — -{,ad,, At
this stage, these conmmutators ane aseiul
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[okdos Prrdor] =

[Pk dors P ggr] = m;[ S do + Aoty
(14 —oPkdos Prrdo] = — 80— oPkdoPrid -
[1d —0Prdos Prrger] = 8- 5orPkdaPrig —o

+ Slr(rl(aﬁaakland_g - Skk,}’ld~al’ld0).

Substituting these relationships into Eq. (7.115), we find

[S,Hi] = = > (AVia + BiVid i —o) do + hc.
k,o

= Z Aka'd aiaak,(r + h.C.
kK o

- Z Bka,d Pkcrpk'—(r + h.c
kKo

+ Z BV [aﬁaak,ond_g + ProPp_ gl T hc. (7.116)
kk' o

Let us write the operators in the last term as
i i _ 1 i
[ako.aklo.nd _.0—+pka’()-pk1d —(T] - E (n'd(}' = ng "0') ko %' &
1 ) KN
- 5[(”(10 —Ng —o) alzo-ak’g - 2pkd(7p|'(ld —a']' (7117)

The second part of this term gives rise to the Kondo exchange interac-
tion. To see how, we note that the product

4 = - B < o

E(WQ,S%) S(ViSWy) = (WL Vi) - (Y0 Va)
+ 20 ot U)W o W,)
+ 200, oM)WYo TWy,)

- Z‘[ak' aka(nd(r g — 0') Zpk do-pkd g]
(7.118)

is precisely of the form of the last term in Eq. (7.117). The resulting con-
tribution to H 1s

Hexen = ﬁz Z-Ikk'(‘]?klsqfk) (‘P S\I’d ), (7.119)
kK
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where

Jkk' = (Bk'de + Bl:Vk'd)
1 N 1 ‘
qo— (g +U)  ea—(eg+L5
1 1 o
- - . (7.120%
g — € € — €d

This term, which arises from the last term in Eq. (7.117), is the Kondo
interaction term describing the spin-spin interaction between a conduc-
tion electron and an impurity spin. Note that this result is the form (7.10).
deduced from second-order perturbation theory but symmetrized in
and k'. We see here a particular advantage of the similarity transfor
mation method; it generates correctly the interaction matrix elements
when the initial and final states do not have the same energy. By con-
trast, we can identify the second-order scattering amplitude with
interaction matrix element only when the initial and final states have the
same energy, in which case Egs. (7.10) and (7.120) agree. In the vicinity
of the Fermi level, k, k' ~ kg, the spin-exchange amplitude reduces to

U
_ 2
Jipkp =Jo = —2|Via| el =0) <0,

as advertised.
All together we can write H as

- 1
H = H0+§[S,H1]
= Ho + HO, + HOH + Hexch + Hdir + Hch'

The direct term

1
Hge = > Z'Ikk’(\y; Uy )V )
kK

results from the first term in Eq. (7.117). Here

1 "
Wkk’ == é‘(Akkad +Aka'd)

1 1 1
= =V, . + . . 5
Pt Ll Py (7.124)
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The energy denominators occurring in Wy, involve only the excita-
tion process involving only the lowest state on the impurity, as shown
in Fig. (7.2b), whereas Jiy., includes both processes in Fig. (7.2). Be-
cause Jyy and Wy, result from successive excitation and de-excitation
processes, the impurity remains singly occupied in the process they
describe.

The term

1
HOI = — Z (Wkk' + -2~Jkk:}’ld _(,->nd0-, (7.125)
kk'o

which emerges from the first term in Eq. (7.116), essentially renormal-
izes the coefficients in Hj. Similarly, the term

Hy' = > WPt ¥, (7.126)
kK

which arises from the first term in Eq. (7.116) and the second term in
Eq. (7.117), represents a renormalization of the potential felt by sin-
gle electrons. Both H;j and Hy)' are unimportant for understanding the
Kondo problem. The final term

1
Haw= = > BVia Probrr—g + 1) (7.127)
kk'o

which arises from the third term in Eq. (7.116), changes the occu-
pancy of the d-impurity by two and thus is also not important for
the Kondo problem. The two important terms in the interaction are
the spin-exchange process and the direct impurity-electron scattering
term.

Let us isolate the terms that correspond to single occupancy oa the
impurity. We note first that, since H;, eliminates both electrons on the
d-impurity, it cannot connect to the one-electron states in the Hilbert
space; we drop this term. In addition, in the one-electron subspace,
V¥iW¥,; = 1. As a consequence, Hg;j; is a one-electron term, as are Hy
and H'. In this subspace, Heyep is the only important term. To second
order in Vi 4, the Anderson model yields the Kondo model with an an-
tiferromagnetic exchange coupling. It is the antiferromagnetic nature
of this interaction that leads to condensation into a singlet state at the
d-impurity.




