
According to Landau’s Fermi liquid theory1, a bulk metallic system of 
interacting electrons has low-energy excitations called quasiparticles 
that behave much like weakly interacting fermions. Therefore, many 
experiments on such systems can be understood on the basis of theories 
of non-interacting quasiparticles. The theoretical picture is qualitatively 
different in materials in which the electrons are confined to one-dimen-
sional (1D) channels, or wires. In such wires, interactions cause electrons 
to behave in a highly cooperative way, and the Fermi liquid theory no 
longer applies. Progress in obtaining 1D materials realized as individual 
nanostructures has provided highly tunable systems that allow the study 
of the effects of interactions in many-electron systems. Other 1D tunable 
systems, such as those based on cold atoms2,3, are also being developed 
and keep producing interesting results (see, for example, refs 4 and 5).

Here, we discuss the many ways in which interacting electrons in one 
dimension often produce surprising results that illuminate the role of the 
dimension of an interacting many-body system. After discussing the basic 
manifestations of 1D cooperative electron behaviour in simple tunnelling 
experiments, we focus on a number of new developments in 1D physics 
both in theory and in experiments on nanowires and carbon nanotubes. 
We first discuss the 1D phenomenon of spin–charge separation and exper-
iments to observe it using the technique of momentum-conserved tun-
nelling between parallel nanowires6,7. The same kind of experiment raises 
the question of how a charge with a definite momentum is accommodated 
in a correlated 1D system8; this question is discussed in a section devoted 
to the apparent charge ‘break-up’. The above physics can be understood 
using a theory valid at sufficiently low energies; however, the question of 
how 1D systems behave at higher energies is interesting as well. We discuss 
the recently developed ‘nonlinear Luttinger liquid’ theory addressing this 
question9–13 and possible experiments aimed at its verification.

The availability of clean, freely suspended carbon nanotubes has ena-
bled experiments to be performed in the low-electron-density regime. 
We discuss this limit, in which electrons organize themselves in a state of 
electron matter resembling a solid rather than a liquid14. Finally, we discuss 
recent observations of electrons in carbon nanotubes showing behaviour 
similar to that of a Mott insulator15, which is a special kind of insulating 
state induced by electron–electron interactions.

From Fermi liquids to Luttinger liquids
Coulomb forces acting between electrons and ions hold in place the 
atoms forming a metal and ultimately determine the low-energy 
spectra of its elementary excitations, electrons in conduction bands and 

phonons. Despite the strength of the Coulomb forces (the corresponding 
energy is in the range of 10 eV), the classification of the low-energy 
excitations, suggested by Landau’s Fermi liquid theory1, is remarkably 
universal. In the language of this theory, the electric charge carriers in 
a conventional metal can be viewed as almost-free quasiparticles with 
Fermi statistics, the Coulomb interaction ultimately determining the 
crystalline structure of a material and the specific form of the quasi-
particles’ dispersion relationship (their energy–momentum relation-
ship). The residual interaction between quasiparticles, stemming from 
the Coulomb repulsion, leads to the quasiparticle states having a finite 
energy uncertainty; the uncertainty for a given quasiparticle, however, 
is small in comparison with its energy.
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In our discussion about the inapplicability of the Fermi liquid theory to 

describe 1D interacting electron systems, shifts of the electron fluid 

have a crucial role. The creation of a particle at some point, x, along the 

wire may be viewed as a result of a shift of all the fluid to the left, say, 

of x by the interparticle distance, while the fluid to the right of x stays 

put; the ‘bump’ of density created at point x in this way will contain just 

one extra particle. The displacements of the fluid may be viewed as a 

superposition of harmonic waves. The quantized displacement waves 

are bosons that can be thought of as quanta of sound waves. At low 

energies, the interaction between bosons can be disregarded, which 

allows a low-energy excitation of a 1D fluid to be considered a collection 

of free bosons.

In one dimension, it is the above-mentioned bosons, rather than the 

Fermi quasiparticles of the Fermi liquid theory, that are the well-defined 

elementary excitations. This simple representation of the low-energy 

excitations of a 1D many-body quantum system is known as a Luttinger 

liquid. The lower the energy scale, the better this representation is 

supposed to work. It becomes exact for the so-called Tomonaga–

Luttinger model38,75,76, which is an idealized system of interacting 

fermions with a linear dispersion relation (this may be pictured as a 

model of electrons with some fixed Fermi velocity but with an infinitely 

deep conduction band). The operator that creates an electron at point x 

in a Luttinger liquid is, in the ‘bosonized’ representation, proportional to 

an operator that causes the finite displacement of a huge portion (one-

half) of the liquid. Thus, in terms of the bosonic variables, the electron 

operator is a very non-local one. That inconvenience is a small price to 

pay to be able to recast a Hamiltonian of interacting electrons in the 

form of non-interacting particles38,75,76 (bosons).

Box 1 | Luttinger liquid and bosonization in one dimension
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Although Landau’s Fermi liquid theory provides a satisfactory account 
of bulk three-dimensional (3D) metals, the situation is qualitatively 
different in materials in which the electrons are confined to channels 
that are narrow relative to the electron wavelength and as a result effec-
tively act as 1D wires for the electrons. Because the electrons are con-
strained to move in only two directions, right or left along the wire, any 
perturbations will affect a large number of electrons collectively. For 
instance, a charged particle trying to tunnel into the wire may create a 
short-wavelength density perturbation, forcing the liquid of interacting 
electrons to shift quickly away from the incoming particle. To accom-
modate the extra particle, however, ultimately all electrons to the left of it 
must shift by one-half of the average interparticle distance along the wire 
— in analogy to displacing equidistant beads on a string to make room 
for an additional bead. Likewise, all liquid to the right of the tunnelling 
particle must shift to the right by the same amount. This is in contrast to 
the 3D case, in which the charge of an incoming particle is compensated 
by a swift redistribution of the itinerant electrons, which are free to move 
away from the incoming electron in all directions, thus causing less of a 
collective disturbance of the so-called Fermi sea of electrons.

An immediate consequence of this intuitive implication of the role of 
collective behaviour when confining charged particles to one dimension 
is that the tunnelling rate for particles entering a 1D wire is suppressed 
around zero bias — the so-called zero-bias anomaly. By contrast, the 
tunnelling rate into a clean, conventional 3D metal is featureless (nei-
ther suppressed nor enhanced) at zero bias, confirming the unimpeded 
creation of particles or holes close to the Fermi level. This qualitative 
picture of tunnelling into a 1D electron system can be quantified within 
the so-called Luttinger liquid theory, ‘bosonization’ being a practical 

tool that makes the theory remarkably simple (Box 1).
In experiments, the zero-bias anomaly can be observed in the 

differential conductance, dI/dV, where I is the current and V the volt-
age, of a tunnel junction attached to a 1D wire; a signature of Luttinger 
liquid behaviour would be a deep minimum at zero bias (V = 0). This 
discussion also applies to tunnelling into (or from) an end of a wire. 
The only difference is that now the electron liquid must shift away from 
the end by the entire interparticle distance; tunnelling is therefore sup-
pressed more strongly.

A specific signature of Luttinger liquid behaviour predicted by the-
ory16–19 is that the zero-bias anomalies of dI/dV for tunnelling into a 
point at an end or into a point within the ‘bulk’ of a wire take the form 
of a power law in V (ref. 16): dI/dV ≈ V α. Similarly, the temperature 
dependence of the tunnelling conductance at small, fixed bias also 
must follow a power law. The exponent α depends on the inter-electron 
interaction strength and the number of channels19. The quantization 
of electron motion across the wire’s width results in the wire having a 
finite number of channels. The wider the wire, the larger the number of 
channels and the smaller the electron shift necessary to accommodate 
an extra electron, leading to the decrease of α towards zero (the conven-
tional case of tunnelling into a clean conductor in higher dimensions).

These power-law dependences were specifically predicted for17,18,  
and measured in, carbon nanotubes, for tunnelling both into an end 
and into the bulk20–22. The experimental results20–22, notwithstanding 
the difficulties in interpretation associated with the finite-size effects 
and zero-bias anomalies in the resistive leads23–25, are considered to be a 
clear manifestation of Luttinger liquid physics. Further confirmation of 
the Luttinger liquid behaviour came from resonant tunnelling experi-
ments with gallium-arsenide-based quantum wire dots26 and nanotube 
dots27, nanotube capacitance measurements28 and molybdenum selenide 
nanowires that allow variation of the number of channels available for 
electron motion29 (Fig. 1).

Despite the agreement between the tunnelling anomaly measurements 
and theory, sceptics may consider it to be circumstantial evidence of the 
unusual behaviour of electrons associated with their confinement to one 
dimension. Indeed, the presence of disorder typical for highly resistive, 
conventional (non-1D) conductors also impedes the spreading of charge 
of tunnelling electrons. Because both Luttinger liquids and such higher-
dimensional systems display a zero-bias anomaly23–25, perhaps the pro-
posed effect could be confused with the zero-bias anomaly in resistive 
leads. It would help to know the range of biases over which the power 
law for tunnelling conductance is expected to hold. An experiment on 
multiwalled carbon nanotubes produced results hardly distinguishable 
from the hallmark experiments20–22, with a power law observed over a 

Figure 1 | Power-law behaviour of electron tunnelling with energy for 
molybdenum selenide wires of various diameters. a, Current–voltage data 
at different temperatures, T, for a molybdenum selenide wire bundle, scaled 
to a universal curve. Inset, the same data, but unscaled29. The parameter γ 
is a constant that indicates how the voltage drop across the device is shared 

between wire segments in series between the electrodes. a.u., arbitrary 
units; e, elementary charge; kB, Boltzmann constant. b, Power-law exponent, 
α, as a function of wire diameter; 1/α scales as the square root of the number 
of channels, in agreement with theory19. Error bars, diameter uncertainty. 
(Figure reproduced, with permission, from ref. 29.)

Figure 2 | Momentum-resolved tunnelling spectroscopy using two parallel 
wires. Electrons or holes tunnelling (arrows) between two parallel wires a 
distance d apart. The momentum boost in the tunnelling event, Δp = edB, 
is achieved by application of a magnetic field, B, perpendicular to the 
wires (into the page in this example). The energy resolution is achieved by 
controlling the interwire bias, V.
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suspiciously wide range of biases30. Another uncertainty comes from 
the limitations caused by finite-size effects in the first experiments20–22, 
which, for example, made it impossible to distinguish between the 
conducting and insulating states of a nanotube in the limit of very low 
temperatures. The possibility of ‘dielectrization’, that is, formation of an 
insulating state with a gap in the electron spectrum at low energies, was 
considered theoretically18,31–34. The single-point tunnelling phenomena 
described above gave only the first glimpse into the behaviour of elec-
trons confined to one dimension.

Spin–charge separation
Another distinct manifestation of the correlated behaviour of electrons 
when confined to one dimension is the phenomenon of spin–charge 
separation. The electron liquid, along with the waves of electron charge 
density, supports waves of electron spin density. These are collective 
excitations, propagating with two different velocities (Box 2).

The successful observation and direct visualization of spin–charge 
separation has been achieved in experiments on so-called momentum-
resolved tunnelling6. In such experiments, the aim is to extract an elec-
tron from the wire with a given momentum, p. Such an electron would 
not be associated with a unique energy, ε(p), owing to the interactions 
in the liquid, and would therefore leave behind multiple excitations (as 
above, the same considerations apply for holes and particles and, thus, 
for tunnelling from and into the wire). The probability of forming a 
state with energy ε if the added/extracted electron has momentum p is 
quantified by the spectral function, A(p, ε). In 1D wires, this information 
can be obtained from momentum-conserving tunnelling between two 

parallel 1D electron channels formed in a semiconductor field-effect 
device6–8,35. In such a device, the momentum of the tunnelling electron 
is tuned using a magnetic field, B, applied perpendicular to the wires, 
and the energy resolution is achieved by controlling the interwire bias, 
V (Figs 2 and 3a), yielding information about the electron spectral func-
tion, A(p, ε), through the interwire current, I(B, V). A complication of 
this technique in comparison with, for example, angle-resolved photo-
emission spectroscopy36,37 is the unavoidable electrostatic interaction 
between the wires. Because of this interaction, some effort is necessary 
to extract A(p, ε) from the measurement of I(B, V) (refs 6, 7).

Ideally, spin–charge separation would manifest itself as two peaks in the 
energy dependence of A(p, ε) at a fixed value of p. For definiteness, we con-
centrate here on the case of p values slightly less than the Fermi momen-
tum, pF , and ε values less than zero, that is, on the probability of extracting 
a particle from a Luttinger liquid. Then, the two peaks signify the two 
extremes in sharing of the momentum by the elementary charge and spin 
excitations (holons and spinons, respectively38). The high-energy peak 
(with the largest value of |ε|) is located at ε = vρ(p − pF) and corresponds 
to the entire momentum being given to a holon. The low-energy peak, 
at ε = vs(p − pF), corresponds to the entire momentum being carried away 
by a spinon (Fig. 3). This peak actually corresponds to the lowest-energy 
state of the Luttinger liquid, which may be created by removing from it a 
particle with momentum p; A(p, ε) must equal zero for any smaller value of 
|ε|. For |ε| values slightly above the threshold, |vs(p − pF)|, a small part of the 
hole’s energy is spent on the creation of charge waves with small wavevec-
tors, |q| << |vs(p − pF)|/vρ, and the greater part is carried by a spinon.

Luttinger liquid theory predicts that the two described peaks in the 

Electron fluids support waves of spin density, as well as waves of charge 

density. To see this, first consider a free-fermion gas, neglecting the 

interparticle interaction. Imagine that in some portion of the 1D system, 

an excess of spin-up particles is created and is compensated, so as 

to maintain charge neutrality, by the deficit of spin-down ones (the 

up–down axis in spin space may be picked arbitrarily). Even if the total 

density of particles remains unchanged, the energy of the system will 

increase, as locally the chemical potentials of the spin-up and spin-

down particles deviate from the common equilibrium value. This energy 

increase provides the stiffness that defines the speed of the spin mode. 

In the free-fermion gas, the speeds of mass density and spin density 

modes both equal the Fermi velocity. The phases of oscillations of the 

local Fermi levels of the spin-up and spin-down electrons are opposite 

to each other and thus have no effect on the charge density (see figure, 

where EF↑ is the Fermi energy for spin-up electrons, EF↓ is the Fermi 

energy for spin-down electrons and x denotes position along the wire). 

Therefore, a spin wave does not create a perturbation of charge density, 

and a weak but long-range charge–charge interaction hardly affects 

the spin velocity, vs, but increases the velocity of the charge mode, vρ. 

Note that the presence of interactions makes the waves of charge and 

spin truly collective excitations: they propagate with different velocities 

and therefore cannot be associated with a motion of a single particle 

endowed with the two qualities. The accommodation of a tunnelled 

electron requires charge and spin displacements, which propagate along 

the electron fluid with unequal velocities.

Box 2 | Spin density waves in a Luttinger liquid
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Figure 3 | Probing spin–charge separation and charge fractionalization 
in interacting 1D wires using momentum-resolved tunnelling 
spectroscopy. a, Schematic structure of the double-wire geometry, made 
using the cleaved-edge overgrowth technique7. The double-wire system 
resides at the edge of a gallium arsenide/aluminium gallium arsenide 
double-well structure. Dark green, gates; blue, AlGaAs; white, GaAs; light 
green, 1D wire segments; transparent box, epitaxial confining layer on the 
cleaved edge. b, Schematic of circuit used to measure the spectral function 
and charge fractionalization. IL, left-moving current; IR, right-moving 
current; VSD, bias voltage. c, Measured spectral function, ∂I(V, B)/∂V, 
indicating the spin and charge excitation branches (plotted versus injection 
energy, eV, on the horizontal axis). A smooth background has been 
subtracted from the data. The colour scale indicates the magnitude of 
∂I(V, B)/∂V (arbitrary units). The features labelled spin and charge cross 
at zero energy at a magnetic field of around 7 T. d, Measured spin velocities 
(open symbols) and charge velocities (filled symbols) for different carrier 
densities (colours), plotted as the Fermi velocity, vF , divided by the measured 
velocity, v. A lower carrier density corresponds to stronger repulsion 
between electrons and hence to a larger charge excitation velocity. The 
spin modes are nearly independent of the carrier density. Solid curves are 
theoretical fits. (Panel reproduced from ref. 6.)
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electron spectral function are power-law singularities, with exponents 
defined by the strength of the inter-electron interaction39. Singular points 
in the energy–momentum plane form one pair of lines, ε = vρ(p − pF) and 
ε = vs(p − pF), that intersect at (0, pF), and a similar pair that intersect at 
(0, −pF). In the experiment (Fig. 3), the momentum of a tunnelling elec-
tron is tuned using B and its maximal energy is determined using V. The 
intersecting straight lines tracing the singularities of A(p, ε) correspond 
to the intersecting straight lines tracing the singularity in the differential 
conductance in the V–B plane.

Measurements6,7 reveal clear maxima of ∂I(V, B)/∂V along a system of 
lines in the V–B plane, consistent with theory40. Two of the lines indeed 
form a crossing (see Fig. 3c, where the injection energy, eV, is plotted 
against B), at a point that can be unambiguously identified with the tun-
nelling of electrons with momenta approaching pF. The velocities of the 
corresponding excitations can be extracted from the slopes of the two 
lines at the crossing point. These velocities are in reasonable agreement 
with theoretical estimates for the velocities of charge and spin modes 
(Fig. 3d). Current measurements are not accurate enough for to tell 
whether ∂I(V, B)/∂V is actually divergent along the lines corresponding 
to the spectra of the two modes.

Further recent work exploiting a similar idea, based on tunnelling 
between a wire array and a two-dimensional electron gas, also found 
multiple excitation velocities consistent with theory41. Taken together, 
experiments6,7,41 provide direct confirmation of the phenomenon of 
spin–charge mode separation in 1D electron systems at low energies.

Although there is a qualitative agreement with the Luttinger liquid 
theory for momenta approaching pF , the experiments on momentum-
conserving tunnelling have sharpened a question that is not addressed 
within the Luttinger liquid theory, that of what happens to spin–charge 
separation at higher energies. The two experiments6,7 do demonstrate 
that a remnant of the charge mode spectrum survives at higher bias, in 
the form of a parabolic dispersion relationship similar to a free-particle 
excitation. However, traces of the spin mode fade away at higher ener-
gies. Finding a theoretical answer to the question requires accounting 
for the nonlinearity of the generic electron spectrum, which necessitates 
going beyond the Tomonaga–Luttinger model, in which the linearity of 
the spectrum is a central assumption. Some suitable tools for develop-
ing a theory of a liquid of quantum particles with a generic dispersion 
relationship (a nonlinear Luttinger liquid) were found only recently9,42,43 

and several experimentally testable predictions have already been made, 
among them the survival of the power-law singularity of A(p, ε) to higher 
energies for certain modes43 and particle–hole asymmetry in the relaxa-
tion rates10. The second of these predictions can be tested using exist-
ing6 experimental techniques. We return to the question of spin–charge 
separation at higher energies below.

Charge polarization and break-up
In the discussion of momentum-resolved tunnelling, we considered an 
idealization of an infinitely long junction between two parallel wires. In 
practice, the junction typically has a length of few micrometres, which 
is long on the scale of the Fermi wavelength and does not limit the use of 
momentum as a good quantum number7. Electrons with given momenta 
are injected near the middle of a long quantum wire (Fig. 3b). This poses 
the question of how the injected charge spreads once it is in the wire. Pre-
dictably, the answer depends on the circumstances, leading to interesting 
considerations related to the break-up, or ‘fractionalization’, of charges.

First, look at the ideal case of a quantum wire in the absence of any 
other conductors that may shield the electric field produced by charges 
in the wire. In this case, the dispersion relationship for the charge mode 
is ω(q) ≈ q√[ln(1/wq)], where w is the wire’s width and q is the wave vector 
of the charge excitation, or plasmon. If the tunnelling electrons have 
low energies (such that their momenta are close to ±pF), then only low-
energy plasmons can be excited. Such excitations have small wavevectors 
(q → 0) and, thus, diverging velocities, vpl ≈ √[ln(1/wq)] → ∞. Relative 
to the plasmons, the velocity of a tunnelling electron, v → vF (where vF 
is the Fermi velocity), is so small that its direction is inconsequential; 
tunnelling of a charge Q with a well-defined momentum thus creates 
two pulses, each of charge Q/2, running in opposite directions (Fig. 4a). 
Although this is somewhat counterintuitive, it is no different from the 
dynamics of charge screening in higher dimensions: in a conducting liq-
uid, a polarization charge develops that locally compensates the charge 
of the tunnelling electron and spreads it towards the edges of the system. 
An electron tunnelling into a two-dimensional electron liquid, for exam-
ple, would create a circularly symmetric ‘splash’ of polarization charge.

Shielding of the long-range Coulomb forces reduces the infinite (for 
q → 0) plasmon velocity, vpl , to a finite velocity, vρ , of charge wave propaga-
tion. For a finite ratio vρ/vF , the waves of polarization moving in opposite 
directions away from the tunnelling point differ from each other (Fig. 4b). 
The fraction, f, of the tunnelling charge, Q, that is carried by the wave 
propagating in the direction of the incident electron motion can be found 
from the momentum conservation law (for pedagogical reasons, it is bet-
ter to consider the case in which Q >> e). The momentum of the tunnelling 
charge, (Q/e)mvF , is carried away by particles of the same mass, m, moving 
in opposite directions with velocity vρ. The momentum conservation law 
takes the form fvρ − (1 − f)vρ = vF , yielding f = ½(1 + vF/vρ); in the absence of 
interactions (vρ = vF), the expected result, f = 1, is obtained.

We should emphasize the distinction between the notions of charge 
quantization and fractionalization. Nowhere in the above discussion 
was a particular value of the tunnelling charge, Q, important, consistent 
with the idea of a liquid as a description of a continuous medium. The 
quantized value of the charge of the particles forming the liquid must 
come from a separate, microscopic consideration. (For example, the 
quantized fractional charge of quasiparticles under the conditions of 
the fractional quantum Hall effect is defined by the special properties 
of the corresponding microscopic wavefunction44.)

This discussion of charge fractionalization is applicable as long as the 
polarization charges do not hit the ends or some other inhomogeneity of 
the wire. In principle, a direct determination of f can be achieved from a 
time-resolved measurement of the transient currents in the wire or from 
a measurement of the current noise spectrum45. However, d.c. measure-
ments cannot determine f. This limitation is illustrated here in the simplest 
geometry of free-fermion leads attached to a Luttinger liquid of length L. 
The contact with the leads may be modelled as a smooth spatial variation 
of the charge wave’s speed from vρ to vF . Being smooth on the length scale 
set by the Fermi wavelength, such an inhomogeneity does not backscatter 
individual electrons; by analogy with optics, it rather acts as an interface of 

Figure 4 | Spreading of charge on tunnelling into an interacting wire. a, An 
electron liquid in a homogeneous infinite wire in the absence of shielding 
supports plasmons that transfer the tunnelled charge to the outer parts 
of the system; in the limit vpl/vF → ∞, the initial momentum of the charge 
does not affect the pattern of transient charges. b, Transient charges at a 
finite charge mode velocity, vρ, in the presence of free-fermion leads. The 
charge pulse splits into transmitted and reflected components (dashed) at 
the boundary of two media with different ‘refraction indices’ for the charge 
waves. In the set-up shown, multiple reflections at the two boundaries result 
in the entire tunnelled charge, Q, being transferred into the right-hand lead 
and zero charge exiting into the left-hand lead.
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two media with different refraction indices for the charge waves (Fig. 4b). 
To analyse the d.c. measurement, consider the propagation of charges 
over times much greater than that, L/vρ, needed to traverse the Luttinger 
liquid. The propagation occurs in the free-fermion part of the system. As 
the electrons do not backscatter, the momentum conservation law can be 
applied as was done above, but with the replacement vρ → vF . This leads to 
the conclusion that the entire tunnelled charge eventually ends up moving 
in the direction of the initial electron’s momentum, regardless of the value 
of f within the Luttinger liquid (Fig. 4b).

The concept of charge fractionalization provides a convenient basis for 
calculations within Luttinger liquid theory. Experiments performed at low 
injection energy, using the more sophisticated configuration of a three-
terminal d.c. measurement (Fig. 3b) with momentum-selective source and 
drains attached to the wire, are in excellent agreement with theory8. Such 
d.c. measurements can also be analysed within the framework of charge 
fractionalization, but they do not allow determination of f.

A natural question to ask is how the asymmetry between currents 
in the two drains (Fig. 3b) behaves at higher injection energies, once 
the conventional Luttinger liquid theory breaks down. Answering this 
question may provide information about the differences between the 
kinetics of injected high-energy particles and holes.

Nonlinear Luttinger liquid
To analyse the above-mentioned experiments, aimed at measuring 
the spectral functions of electrons and holes at higher energies and 
at elucidating how the injected charge propagates along the wire at 
these higher energies, it is necessary to go beyond conventional Lut-
tinger liquid theory. There is also an impetus to do so from within the 
theory. The linearization of the particles’ spectrum that is assumed in 
the Tomonaga–Luttinger model brings an immense degeneracy into 
the energy spectrum of the excited many-body states: the energy of a 
state composed of an arbitrary number of particle–hole pairs residing 
on one branch of the single-particle spectrum depends only on the total 
momentum of the pairs and is insensitive, for example, to the number of 
pairs. Reintroduction of the generic nonlinear dispersion relationship of 
the particles into the theory removes this degeneracy in a subtle way.

Recently, the nonlinear theory was developed for spinless quantum 
particles9–11, and since then a first step has been made in generalizing the 
dynamic response theory to spin-½ fermions with a generic dispersion 
relationship12,13. The new methods make it possible to move beyond 
the linear Luttinger liquid description in understanding the dynamic 
response functions (such as the spectral function, A(p, ε)). They also 
provide a basis for understanding the kinetics of interacting quantum 
particles confined to one dimension, although the full kinetic theory 
has not yet been constructed. The new theory predicts the persistence 
of the power-law singularities in A(p, ε) even for momenta far from the 
Fermi points and allows the evaluation of the corresponding exponents. 
In striking contrast to the conventional Luttinger liquid theory, it also 
predicts asymmetry in the relaxation rates for particles and holes.

Here we demonstrate the main idea of the new theory using the 
example of weakly interacting fermions without spin. Free particles have 
a parabolic dispersion relationship, ε(p) = p2/2m, and here it is assumed 
that an equilibrium population of fermions occupies states with |p| ≤ pF. 
The focus is on evaluating A(p, ε) for the hole excitations (ε < 0). In the 
absence of interactions, only one state of the system is created by extract-
ing an electron with some momentum, p0 (−pF ≤ p0 ≤ pF), in the Fermi 
distribution; this state consists of a single hole with momentum p0. The 
velocity of this hole, |p0|/m, is less than vF , which is the velocity of the 
lowest-energy particle–hole excitations. Therefore, interaction of this 
hole with the particles of the Fermi sea does not lead to creation of excita-
tions, in much the same way that a particle moving at less than the speed 
of light in a medium does not emit Cherenkov radiation. This means that 
the existence of the energy threshold in A(p, ε) along some line, ε(p), at 
a momentum |p| ≤ pF is robust with respect to the interaction (Fig. 5). At 
the same time, the functional form of A(p, ε) is modified by interaction 
away from its free-fermion limit, A(p, ε) ≈ δ(ε − ε(p)) (where δ denotes the 
delta function). Remarkably, this modification is universal: the threshold 

behaviour of A(p, ε) is described by a power-law function of ε(p) − ε, as 
in the Tomonaga–Luttinger model. Unlike in that model, however, the 
power-law behaviour at the threshold is valid at any momentum, and the 
exponent of the power law depends on the momentum.

To explain the power-law form of A(p, ε), here we allude46 to the effect 
known as the Anderson orthogonality catastrophe47. For definiteness, 
consider the part of A(p, ε) associated with the creation of a hole in the 
system. The introduced hole produces a potential acting on other par-
ticles. The threshold in A(p0, ε) corresponds to the ground-state energy 
of the many-body system adjusted to that potential. The ‘old’ (pre-hole) 
and ‘new’ many-body ground states have zero overlap47. The overlap 
with excited states is finite and scales as some power of the excitation 
energy (measured relative to the new ground state). This non-zero over-
lap with excited states of the Fermi sea results in the redistribution of the 
spectral weight in A(p0, ε) from a single point (ε = ε(p0)) to all energies 
above the threshold, according to a power law in ε(p0) − ε.

This picture, which was initially developed for weakly interacting 
particles, has been extended into a fully consistent phenomenological 
theory9,43 valid at arbitrary interaction strength. The phenomenology 
relates the threshold exponents of a dynamic correlation function to the 
properties of the corresponding threshold energy spectrum; these two 
types of characteristic can be measured independently of each other.

The limit of weakly interacting fermions also demonstrates the dif-
ference between the particles and holes. Particles move at velocities 
greater than vF (Fig. 5), allowing the ‘Cherenkov radiation’ of particle–
hole pairs; unlike holes, energetic particles do relax, producing multiple 
particle–hole pairs. Although particle–hole asymmetry has not yet been 
observed, experiments to explore such deviations from Luttinger liquid 
theory are underway.

Developing the nonlinear Luttinger liquid theory of spin-½ fermions is 
of special interest. Such a theory should cover the case of strong interac-
tions keeping fermions ‘in place’ and thus suppressing their spin-exchange 
interaction and creating an almost flat band of spinon excitations.

Correlated-electron solid at low density
In the previous sections, we discussed theory and experiment in the 
regime where the charge density is large enough to ignore the strong 
correlations between the electron positions that develop when the elec-
tron density, n, becomes sufficiently low. These correlations emerge 
because although the long-range part of the electron–electron interac-
tion chiefly affects the value of vρ, as this depends on the electrostatic 
energy required to create long-wavelength charge fluctuations, the 
increase of its short-range part (~e2n) relative to the single-electron 

Figure 5 | Effects of the finite mass of particles forming the nonlinear 
Luttinger liquid. At positive curvature of the energy–momentum function, 
ε(p) (solid black line), the velocity of a hole is less than vF and therefore a 
hole state is stable, unlike a particle state (the particle spectrum is shown 
as the dark-grey broadened line). The spectrum of holes (dashed black 
lines) forms the threshold for the spectral function, A(p, ε), which is finite 
everywhere in the light-grey shaded area. Creation of a ‘deep’ hole (lower 
open red circle) perturbs the Fermi sea, creating low-energy particle–hole 
pairs (open and filled red circles near the Fermi point); this process results 
in the power-law threshold singularities in A(p, ε) discussed in the text.
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kinetic energy (~"n2/m, where " denotes Planck’s constant divided by 
2π and m denotes the electron mass) tends to suppress the electrons’ 
ability to pass by each other. This produces a 1D Wigner-crystal-like 
structure with periodically ordered charges48–52. (Note that although 
perfect charge ordering in one dimension is not expected, the correla-
tion length can readily exceed the sample length in realistic situations, 
yielding a state that is much more like an electron solid than an electron 
liquid.) For e2n >> "n2/m, the positional exchange between neighbour-
ing electrons becomes exponentially rare and the fluctuations of their 
relative positions become small (the condition can be recast in the form 
naB << 1, where aB is the effective Bohr radius for a conduction electron 
in the material). The suppressed exchange decreases the spin mode 
stiffness, lowering the energy cost of spin excitations. If exchange is 
ignored entirely, the spin system becomes disordered for any positive 
temperature. This so-called spin-incoherent regime has been a topic of 
much recent theoretical interest53.

Studying the properties of such a system requires low-disorder 
samples to avoid an insulating state where disorder pins the Wigner 
crystal. Potential clean systems in which to study such behaviour include 
wires made using cleaved-edge overgrowth35 and semiconducting car-
bon nanotubes54. In particular, advances in sample preparation for car-
bon nanotubes have allowed the measurement of as-grown, suspended 
nanotubes, minimizing the tube–substrate interaction and producing 
very clean and low-disorder 1D systems that may reveal Wigner crystal 
physics. As discussed above, one of the hallmarks of a Wigner crystal 
state is that the antiferromagnetic exchange energy, J, is exponentially 
suppressed at low densities. This has an interesting consequence for 
the spin polarization in an external magnetic field. In contrast to free 
electrons, for which full polarization occurs only if the Zeeman energy, 
gμBB (where B is the magnetic field, μB is the Bohr magneton and g is 
the g factor), of an electron spin exceeds the Fermi energy, in a Wigner 
crystal polarization occurs at exponentially smaller fields, as only the 
condition gμBB > 2J is required.

In addition to their spin, electrons in nanotubes have an extra isospin 
degree of freedom, which is an additional angular momentum acquired 
by the electrons because of their motion around the axis of the nanotube 
(either clockwise or anticlockwise; Fig. 6a). In an axial magnetic field, 
the Zeeman effect splits the spin states55,56 and their different orbital 
magnetic moments, ±μorb, split the isospin states57. The isospin splitting, 
2μorbB, is typically larger than the Zeeman splitting by a factor of ~5–10 

(ref. 57). The periodically ordered electrons forming the Wigner crystal 
act as a spin and isospin chain. For B > 0, the ground state reflects a com-
petition between the magnetic energy, which favours parallel spins and 
parallel isospins, and the exchange energy, which favours neighbouring 
electrons having different spin and/or isospin directions14,58.

Because J increases rapidly with n, in a magnetic field it is expected  
that there are three different regimes for a Wigner crystal state in a car-
bon nanotube as n and B are varied. In one (region I), the magnetic 
energy is dominant and all the electrons are fully spin and isospin polar-
ized. In another (region II), the exchange dominates the Zeeman split-
ting but not the orbital splitting, which is larger, and only the isospin is 
polarized. In the last (region III), the exchange energy is dominant and 
the polarization is minimal for the given number of electrons. Figure 6b 
shows the ground-state configurations for these states.

Coulomb blockade spectroscopy provides a very useful tool to study 
this experimentally. In Coulomb blockade spectroscopy, the device acts 
as a single-electron transistor, producing peaks in the dependence of 
conductance on gate voltage, Vg, whenever an electron is added to the 
dot, thereby changing the electron density. The peak spacing reflects the 
energy required to add each electron. Because the magnetic energy contri-
bution to this energy is different for each combination of quantum num-
bers, measurement of each peak’s energy shift as a function of B yields the 
charges’ quantum numbers. Figure 6c shows the evolution of the Coulomb 
peaks in a magnetic field for a semiconducting carbon nanotube, which 
displays all three regimes: in region I, the parallel traces that conductance 
peaks produce in the B–Vg plane indicate that each added electron has 
the same spin and isospin; in region II, the alternating slopes indicate that 
isospin is polarized and that spins alternate; and in region III, the zigzag 
pattern indicates the minimum polarization state14.

The yellow line in Fig. 6c shows a single-parameter fit to theory58, with 
the fitting parameter within the theoretically predicted range58,59. The 
red line is a plot of the boundary between regions I and II made using 
the same parameter value. The quantitative agreement with theory is 
satisfactory. We note that a model of non-interacting electrons predicts 
very few or no spin-polarized electrons under the same conditions14.

The success of the Wigner crystal picture in accounting for the rela-
tive ease of polarizing electron spins in nanotubes in a magnetic field 
suggests that testing a theory49 predicting one-half the usual conduct-
ance of a ballistic channel in the spin-incoherent regime would be very 
interesting. However, this would require progress in reliably obtaining 
nearly perfect contacts to ultraclean semiconducting nanotubes.

Mott insulator
The presence of enhanced spatial correlations between the electrons 
due to the interactions (that is, Wigner crystallization) increases the 
tendency towards pinning by inhomogeneities. When pinned, an elec-
tron system becomes insulating at sufficiently low temperatures. Sup-
pression of conductance observed in gallium arsenide wires made using 
cleaved-edge overgrowth has been tentatively explained35 in terms of 
such a pinning phenomenon.

The atomic lattice can be another source of pinning in an interacting 
electron system. Because of the lattice periodicity, pinning opens an 
energy gap in the electron spectrum. Commensurability between the 
mean electron spacing and the lattice period aids the opening of the gap. 
When electrons are on a lattice at half-filling (one conduction electron 
per atom), such a situation occurs. An example illustrating this is a 1D 
lattice-site chain in which a large energy cost, U, exists for double occu-
pancy of a site and where the hopping matrix element, t, between sites 
can be considered small. At half-filling, every site is occupied, an elec-
tron–hole pair costs an energy U to create and the system is an insulator. 
This is essentially the physics of Mott insulators60. However, in contrast 
to 3D systems, where the formation of a Mott gap requires U to exceed 
some threshold, in one dimension a gap exists for any ratio U/t > 0.

Although such physics has been studied in bulk materials61, carbon 
nanotubes afford the opportunity of potentially studying 1D Mott 
physics in an individual nanostructure with readily tunable param-
eters. Indeed, there is a puzzle to be solved — nanotubes predicted to 

Figure 6 | Charges at low densities in a carbon nanotube form a 1D Wigner 
crystal. a, Although the sense of motion of electrons around the nanotube 
(red and blue arrows) depends on the direction of the magnetic field, B, in 
an armchair tube, in a tube of general chirality electrons with both senses 
of motion can be present. The sense of motion for each charge can be 
labelled using an isospin quantum number. b, Ground-state configurations 
of charges in the regions (I–III) described in the text. c, Differential 
conductance, G, of a nanotube as a function of gate voltage, Vg, and 
magnetic field. The vertical stripes are the traces of the conductance peaks. 
(Panel reproduced, with permission, from ref. 14.)
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be metallic in the single-particle description are found experimentally 
to be gapped. Data taken from a so-called armchair nanotube (Fig. 6a) 
show such a gap (Fig. 7a) at zero doping. The simplest single-particle 
perturbations, such as curvature or strain of an armchair nanotube, are 
prohibited from opening a gap by symmetry constraints62.

Such a gap may possibly be due to the many-body effect in Mott 
insulators. A number of works have included electron–electron inter-
actions in theories of carbon nanotubes and found that the interac-
tions should open a gap at half-filling18,31–34. The structure of a general 
nanotube is determined by a pair of integers (N, M), which specifies the 
tube’s chirality and radius, r. For N = M, an ‘armchair’ nanotube (Fig. 6a), 
the honey comb lattice can be mapped onto an equivalent 1D problem 
known as the two-leg ladder31 (Fig. 7b). When long-ranged interactions 
are taken into account, theories predict an energy gap of Δ ≈ 1/rβ for 
metallic nanotubes, with β ranging from β = 1/(1 − g) to β = 2 (ref. 63), 
depending on detailed assumptions. Here g = vF/vρ ≈ 0.2–0.3 for nano-
tubes18,33 and is a measure of the strength of the interactions therein. 
Experiments show an approximate 1/r1.3 dependence15, in agreement 
with the theoretical range of predicted values of the exponent.

Nevertheless, even in the most robust case of an armchair nanotube it 
remains possible that the observed gap originates from another single-
particle perturbation, a twist. It is therefore beneficial to develop an 
approach that experimentally rules out the single-particle gap-opening 
mechanisms for nanotubes of arbitrary structure. Theory predicts that 
such gaps close at some value of an applied axial magnetic field and that 
a metallic state is recovered62,64. Interestingly, experiments performed on 
pristine, suspended carbon nanotubes show that the gap reaches a mini-
mum, non-zero value at a critical magnetic field (~2.5 T for the device 
in Fig. 7c), before widening again15. The observation of a minimum 
gap rules out all of the above non-interacting theories of gap creation 
in these nanotubes.

Another indication of strongly interacting electrons in nanotubes 
comes from the presence of low-energy neutral electronic excitations 
with energies less than the gap energy15. (By contrast, if the electron 
system were non-interacting, the lowest-energy excitation would be 
that which moves an electron from the valence band to the conduction 
band, costing an energy equal to the gap energy.) Although the origin of 
these low-energy excitations is not yet fully understood, their presence 
is consistent with the Mott theory31–34, which predicts neutral excita-
tions of the Mott insulator with energies less than the gap energy, such 
as spin excitations, and an energy scale similar to that observed. This 
provides further evidence for a many-body origin of the observed gap 
in carbon nanotubes.

In future, signatures of a 1D Mott insulator around its metal–insulator 
transition point65 may be investigated. Furthermore, the exotic spin liq-
uid excitations predicted for carbon nanotubes34 could be studied in 
detail. Finally, gaps could be opened even in the absence of pinning. It 
has been theorized for Wigner crystals48 that in wider channels the 1D 
Wigner crystal will make a transition to a zigzag phase with a gapped 
mode, in addition to a gapless one, as its hallmark. Recent conductance 
measurements of wide quantum wires66 are consistent with this picture; 
however, the gapped mode has not yet been directly observed.

Future directions
Further experiments, including those on systems and using techniques 
not discussed here, are expected to provide more insight into the nature 
of interacting particles confined to one dimension. Examples include 
experiments on cold-atom systems (see, for example, ref. 4) and time-
resolved measurements of charge and spin dynamics (a recent experi-
ment in carbon nanotubes67 has yielded promising results; however, the 
fast charge mode has not yet been observed, possibly owing to insuffi-
cient time resolution). In addition to contributing to the understanding 
of the fundamental physics of excitons in one dimension68–70, optics 
measurements may give new access to a broad range of quantum impu-
rity problems (see, for example, ref. 71). One-dimensional systems may 
be controllably integrated with external structures such as an external 
periodic potential to create an artificial Mott insulator that can provide 

a highly tunable means of harnessing many-body physics in the solid 
state and developing new applications such as a pump for quantized 
fractional charge59. A number of interesting theories42,53 concerning 
spin-incoherent and nonlinear Luttinger liquids may be investigated.

There is also significant theoretical work ahead aimed at filling the 
gaps between the limits of the Tomonaga–Luttinger model and incoher-
ent Luttinger liquids and between the limits of ideally ordered 1D inter-
acting systems and general disordered ones. In the case of disordered 
Luttinger liquids, the recognized72 need for further theory is driven by 
experiments with carbon nanotubes out of equilibrium73 and by cur-
rent theoretical predictions such as many-body localization74. Given 
the rapid evolution of its experimental and theoretical techniques, the 
field of correlated many-body 1D systems looks set for more exciting 
developments in the future. ■
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