Summary lecture V

o Lindhard equation describes the screening of the Coulomb

interaction due to the presence of many particles

O © 90
V(q) Pk+q — Pk 0
_— 3 = 1 - V
W(@) =g |5@ (q)%jmq_sk_ — e  ©
In the stati dl 1 th limit find (q) = i !
o In the static and long-wavelength limit we fin Wiq) = eV &+ K2

¢ Besides a continuum of electron-hole excitations, there is a collective
oscillation of the entire electron plasma with the characteristic plasma

frequency >
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Learning outcomes lecture VI

o Describe the formation of excitons (bound-electron hole pairs) and
calculate the excitonic binding energy

e Recognize the importance of the statistical operator
o Sketch the derivation of Bloch equations and discuss their contributions

o Explain the many-particle hierarchy problem and how it can be solved
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5. Screening
6. Plasmons

7. Excitons
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Excitons

7. Excitons

o Coulomb-induced formation of electron-hole C
pairs (excitons) in semiconductors

e Assume a 2-band system (A = ¢, v) with a band gap A

E.., = A focusing on interband Coulomb interaction

il — Z (Evkajk%k + ECkaj:_ka’ck) v

vk1,cks + 4+ v
T Z V’Uks cks Qoky Ceky Vs Yok,
kl st 9k3 9k4

with the effective mass energy for the conduction and valence band

h*k? n*k?
+ A, Evk = —

2m. " 21,

Eck =
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Ground and excited state

7. Excitons

o In ground state, all valence band states are occupied, while the conduction
band is empty

|P0) = H a,jk |0)  with the ground state energy FEj = Z ok
k

o Excited state is build by a linear combination of all possibilities to generate

an electron-hole pair
pat |q5) — Z(}fkkr a,jkavk, ‘O>

kk’

o Coefficients @kk’ are determined by solving the Schrodinger equation

t,k: ck +
E ek’ (EU + Eckk — Evk’ — E sk, kalck A g Qoo |U> =0
kk’ kika
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Excited state

7. Excitons

o Neglecting the interaction, i.e. V=0, we obtain as solution

AE=FE—Fy=c. —€ppr = A+ £2 1.2 n B2

2m.,. 214,

i.e. the lowest excited state lies A above the ground state energy E,

e Including the interaction V, the excited state lies lower

AE _ A+hk2+h2k"2 - g
Ckk’ = 2m.. 21y, kk’ q Vg2 tk—a,k'—q

o This eigenvalue equation for the coefficients ®kk’ corresponds to the
two-particle Schrﬁdinger equation

,2 ~
{ 2mcvg - ZmI V2 - ] qj(Tl’TQ) - Elp(rfl:TQ)

47T€0|’P1 —Tgl

i.e. electron-hole pairs behave like two free particles with effective masses
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Excitonic binding energy

7. Excitons

e Schrodinger equation reads in relative and center-of-mass coordinates

2 2 eg A
[—%vg — Ly V(r,R) = EV(r, R)

dmeg T

with R = fmc.'r‘_l_j—t}m.u?“:z’ =T — T, M =m, + My, L= m}g‘u-u

o Separation ansatz (like in hydrogen problem)
U(r,R) = A(r)B(R) = " f,(r)

with f_(r) as eigen functions of an effective hydrogen problem

2
_ K 2 3 peg 1
2M 2712539 n?

o Eigen energies |F,
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Excitonic binding energy

7. Excitons

e Formation of Coulomb-bound excitons as new quasi-particle with lower
energy compared to the ground state of free electron-hole excitations

K2 2 1 with the excitonic binding energy
Ern = IN _Ebf_Q Heé
. Ey = —5 5 thatis determined by the
2h7ey,

effective mass p and the dielectric screening constant g, describing the
screening of the Coulomb potential through the surrounding medium

» Wannier excitons: spatially extended excitons with a large Bohr radius

o Frenkel excitons: spatially localized excitons with a small Bohr radius
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Chapter IV

—  IV. Density matrix theory
1. Statistical operator
2. Semiconductor Bloch equations

3. Boltzmann scattering equation
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Statistical operator

1. Statistical operator

o Statistical operator (density matrix) characterizes quantum systems in a
mixed state (statistical ensemble of many quantum states)

P = an|kpn><lpn|

with 0 <p, <1 and ), Pn =1
corresponding to the probability to find the
system in the state |¥,, )

o In a pure state, the statistical operator reads p = |V, }{¥,,, |

since here p, = dp.n,

o The statistic operator has been expressed in its eigen basis with

P ‘lp;q,) — pn|an>

o Statistical operator is self-adjoint p = p
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Statistical operator

1. Statistical operator

o In a pure state, the expectation value of quantum mechanical observables
is given by expressing a quantum mechanical average

(0) = (W0, [OWy)

o In a mixed state, there is an additional statistic averaging that is
expressed by the statistical operator

(0) = an<an|0‘\ljn> =tr(p0)

e Mixed and pure states can be easily distinguished: while the trace of the
statistical operator is 1, the trace of p?is different for pure and mixed states

tr (p°) =1 for purestatesand r (p”) < 1 for mixed states
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Density matrix elements

2. Semiconductor Bloch equations

« We have already introduced the occupation number operator 7, = a}a,

that we now statistically average to describe a mixed state

(No) =tr(png) =tr (p aj;aa) = Doa

e In the limiting case of one-particle systems, the diagonal elements of the
statistical operator (density matrix ) correspond to the carrier occupation

probability .
(o) = (atas) = paa  — P& =i

e Non-diagonal elements of the density matrix correspond to microscopic
polarization being a measure for the carrier transition probability
== _ AN e
(aqag) =pag = P& =P
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Microscopic quantities

2. Semiconductor Bloch equations

e Semiconductor Bloch equations present a coupled system of differential
equations for microscopic quantities:

e Microscopic polarization
Pr(t) = (aa,) (1)

¢ Occupation probability
Pi(t) = (alpane) (1)

e Phonon occupation

ni(t) = (bigbiq) ()

o Photon occupation

n2(t) = (cte. )t i 0(1) = (0(1), H]-

Temporal evolution is determined by
Heisenberg equation of motion
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Hamilton operator

2. Semiconductor Bloch equations

H="Hog+ HeZ1 T He—¢
free-particle carrier-light interaction  carrier-carrier interaction
iegh T
— + § : 1,62
- " a; + mo A(t a’l Qg _‘_ a’l1al2al4alg
l NG 51 l2,l3,l4

e The required band structure and matrix elements are calculated with
nearest-neighbor tight-binding wave functions

‘Pi(r) = Cﬁ;‘ aPra(r)+ C;i.gq)k,B(?‘) with relevant atomic orbital
1 | functions ¢;(r — R;)
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Band structure of graphene

2. Semiconductor Bloch equations

¢ Electronic band structure of ¢ T
[ ] AN
graphene reads

o le(k)]
Ealk) = [+ 0y.50 (k)]

with o,=-1and o, =+1

o Graphene has a linear and gapless electronic band structure around
Dirac points (K, K’ points) in the Brillouine zone (semi-metal)

Ex\(k) = oxhvg|k| ‘ with the Fermi velocity vy
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Optical matrix element of graphene

2. Semiconductor Bloch equations

 Optical matrix element M, ;» = (¥;(r) |V | ¥y (r)) determines the
strength of electron-light coupling including optical selection rules

e Analytic expression obtained in nearest- neighbor TB approximation
3

’ bz ’ ik-b. 4 —ilk-b;
MY =My j|b.|(cj*(k)cg (k)™ P — Cp, (k)CA (k)e™*b)
i=1 "

e Electron-light coupling is strongly anisotropic
around the Dirac points

o It shows maxima at M points and vanishes at
the I' point of the Brillouin zone (selection rule)
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Coulomb matrix element

2. Semiconductor Bloch equations

¢ The Coulomb matrix element Vl‘l f?
3,04

51132

Kl

e*(ky)e(k
_ 1 (H-Cm (k1)e( 3)) (H—cxz,u eep)e(ka)

l3,ly — 2e0Aq

with TB-coefficients
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= (U3, VI, V(r — ') Wy, Uy, )

reads in nearest-neighbor TB approximation

Ly

Oq,k3—k Og,ky—kor [+

*le(ky)e(ks)|

o Coulomb processes with large momentum transfer
are strongly suppressed (decay scales with 1/g13)

e Coulomb interaction V o 1 + ¢*2¢ prefers parallel
intraband scattering along the Dirac cone

momentum
conservation

e*(ka)e(k4) )
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Equations of motion

2. Semiconductor Bloch equations

+ Hamilton operator H is known = derivation of Bloch equations gy, . Pk
applying the Heisenberg equation  ihpy = [pp, H]—

pr(t) = —2Im (4 (t) Pk(t))—;1 Z (Vee (aipalacag) — Vgt (afataca, )
ABC
pk(t) = %(EE —€k) Pr(t )—@Qk(t)(f)k( Z Im VVkA(& ka’AaCaB>)
O

H=Hy+H._ +H._.

e Single-particle quantities px(t) = (a}a,,), Pr(t) = (afzaz,)

couple to two-particle quantities CC i (aja%a cp) through

Coulomb interaction —» system of coupled equations is not closed
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Correlation expansion

2. Semiconductor Bloch equations

o Many-particle interaction leads to a hierarchy problem
(system of equations is not closed)

d
E@faz) X (aIaE%%)
d, + 4 + -+ +

E(a‘Aa’BG‘CG’D> x (ayagazagazag) ..

Solution by applying the correlation expansion and systematic truncation
Example: Hartree-Fock factorization (single-particle quantities only)

(ahafacap) = (ahap)(agas) — (afac){apap) + (a ap)*

closed system of equations (already sufficient for description of excitons)
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| Graphene Bloch equations |

2. Semiconductor Bloch equations

o Coupled system of differential equations on Hartree-Fock level

O = ~2m(@0 ()1 S VEE )0

Bt o+ (e %)pk(}—mk()( £(6) — () (1) A1)
03 [VER (o (1) — i (1)) (6) — VR (o) — o (8))pe ()]
k'

=t |

H = H(] +H(i—l+H(i—(i

e Interaction-free contribution (kinetic energy) leads to an oscillation of
the microscopic polarization p,(t)
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| Graphene Bloch equations |

2. Semiconductor Bloch equations

o Coupled system of differential equations on Hartree-Fock level

A = —2m (@50 p)) > VE VR b (8) pi (1)

(ek — &%) Pr(t]=i(8) (95(8) — PO ®) )

pk(t) =

S| -

+% > [v;;g’ (ks (2) = Pl (0) re(t) — V& (05 (1) — i (t))a (t)]
%

H=HyHH._ijtHe—e
e Electron-light coupling is determined by the Rabi frequency
Qp(t) = ;- M- A(t) giving rise to a non-equilibrium distribution of
electrons after optical excitation
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| Graphene Bloch equations |

2. Semiconductor Bloch equations

o Coupled system of differential equations on Hartree-Fock level

(0 = 2@ ) S VELK T 050
Pult) = 7 (e} - ) )90 ) )
[ 2 (VA (i) — e )ett) ~ VE () - <)>pk,<t>}]

H = H(]+H(i—l+H(i—(i

o Electron-electron interaction leads to renormalization of energy o
k k‘, k' k . . kk c,R'v
(VRE — = ) and Rabi frequency (excitons!) (Voxe =V, % o)

as well as to dephasmg of the polarization vy,
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Microscopic polarization

2. Semiconductor Bloch equations

» Optical excitation with a laser pulse with an excitation energy of 1.5 eV

e Frequency of the oscillation of the microscopic polarization changes
due to the Coulomb interaction
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Optical excitation

2. Semiconductor Bloch equations

» Optical excitation with a laser pulse with an excitation energy of 1.5 eV

e We generate a non-equilibrium carrier distribution around the
excitation energy (corresponding momentum k; = 1.25 nm™)

Elk
05 =TT

Non-equilibrium
carrier distribution

Py (to)
S«
('S ]

0 0.25 0.5 0.75 1 1.25 1.5

CHALMERS

UNIVERSITY OF TECHNOLOGY




Anisotropic carrier distribution

s 0
k, [nm'l]
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2. Semiconductor Bloch equations

k, [nm™]

Generation of an anisotropic non-equilibrium carrier distribution

Maximal occupation perpendicular to polarization of excitation pulse
(90°) due to the anisotropy of the optical matrix element

Carrier dynamics needs to be modelled by extending Bloch equations
beyond the Hartree-Fock approximation (Boltzmann equation)




Summary lecture VI

o Excitonic binding energy reads N
4
E, = 112602 with the reduced mass p = =57 A
207 Ehg)  and the dielectric background constant
o Statistical operator (density matrix) characterizes Vv

quantum systems in a mixed state

p= Z pn|¥,) (¥, | and builds the expectation value of observables
n <O> = ir ([J O)

o To tackle the many-particle-induced hierarchy problem, we perform the
correlation expansion followed by a systematic truncation resulting in
semiconductor Bloch equations on Hartree-Fock level
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Learning outcomes lecture VI

o Describe the formation of excitons (bound-electron hole pairs) and
calculate the excitonic binding energy

e Recognize the importance of the statistical operator
o Sketch the derivation of Bloch equations and discuss their contributions

o Explain the many-particle hierarchy problem and how it can be solved
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