
Quantum Matter: Concepts and Models
homework problems, course week 5, fall 2019
Deadline: December 23 (scanned pdf file e-mailed to me) or December 19 (manual hand-in at the lecture)

Please structure your solutions carefully. All essential steps in your analysis and calculations
should be made explicit.

1. The Chern number C for a band insulator with two bands coincides with the Pontryagin
index for mappings ~n(~k) from a 2-torus to the unit sphere, ~n(~k) : T 2 ! S2 (cf. eq. III.44 in my
lecture notes from 5 Dec, with the Pontryagin index specifying how many times the mapping
”wraps” around the sphere.) This provides a shortcut to compute Chern numbers for 2-band
models; instead of first obtaining the cell-periodic Bloch states and then integrating the Berry
curvature over the BZ, one simply calculates the Pontryagin index, with an integrand that can
be read o↵ directly from the Hamiltonian. An illustration is sketched in my lecture notes (p
III.17-18) from 5 Dec, with an application to a model similar to that introduced by X.-L. Qi et
al. (Phys. Rev. B 74, 085308 (2006)), simpler than the Haldane model! Can you verify the
values of C given at the bottom of page III.18? On the same page I write Note that (III.45)
violates time reversal (a necessary condition for having a Chern insulator). Argument?

2. In my derivation in lecture of the Hall conductivity I imagined putting the Hall sample
on a torus. Using the Kubo formula I then obtained that
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with C a Chern number. In the calculation by Thouless et al. (Phys. Rev. Lett. 49, 405
(1982)), the many-particle states were broken down to single-particle cell-periodic Bloch states
on a magnetic lattice, with the result that
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with Cj the Chern number of the j : th filled Landau band1. If Cj = �1 for all j, the formula
in eq. (2) is identical to the well-known Landauer-Büttiker formula for mesoscopic transport in
(quasi-)1D systems, with n the number of perfectly transmitting conduction channels for spin-
polarized electrons. Is this a coincidence? Do some literature search to find out! Summarize
your findings in a mini essay. Basic ideas only! Max two pages.

1Strictly speaking, this is a reformulation of the original result by Thouless et al., provided by B. Simon (Phys.
Rev. Lett. 51, 2167 (1983)). See also M. Kohmoto (Ann. Phys. 160, 343 (1985)).
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