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Abstract

Thisthesisexplorestheconnectionbetweenquantumentanglement,entropyandquantumphase
transitionsin many body spin- �� systems. We calculatethe entropyfor 1-dimensionalspin-
chainsystemsusingMATLAB for the Ising modelandthe XY model. Particular interestis
givento whetherwe canfind any precursorof critical behavior for systemswith few particles.
Comparisonswith known resultsaremade.
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Chapter 1

Intr oduction

Thetotal energy of theuniversedoesnot change.This is a fundamentallaw of physics.How-
ever, theform of energy doeschangeandfrom the laws of thermodynamicswe know thatthis
processis governedby the increaseof entropy. In otherwords,theuniverse(i.e. all systems)
tendsto thegreatestdegreeof randomization.To understandhow entropyworksfor systemson
theatomicscalewe needto turn to quantumphysics.

Thespinof aparticleis apropertythatcan’t beexplainedwithin theframeworkof classical
physics. A spin can–insomepictorial way–bethoughtof asthe intrinsic rotationof a parti-
cle. This rotationcontributesto the total angularmomentumof theparticle. In many-particle
systemsthe orientationsof the spinsmay dependon eachotherin a quite peculiarway. The
studyof how thesespinsdependon eachotheris closelyrelatedto thestudyof entanglement.
Entanglementis a termusedin quantumtheoryto describehow particlesof energy andmatter
canbecomecorrelatedto predictablyinteractwith eachotherregardlessof how far apartthey
are.

In many quantum-physicalsystems,thepropertiesof thesystemdependsstronglyuponthe
orientationof the individual spins,in particularat low temperatures.The way the individual
spinsorderthemselvesdictatesthestructureof thegroundstate.Thegroundstatecanbesim-
ple, with thespinsalignedin thesamedirection,or it canhave a complicatedstructurewhere
entanglementpervadesthe orderingof the spins. In fact, entanglementappearsnaturally in
low-temperaturequantumphysics.Entanglementis at thecoreof many quantumphysicalphe-
nomena,suchasthe quantumHall effect, super-conductivity andthe mysteriouscriticality in
quantumphasetransitions.Entanglementis alsorealizedto beacrucialresourceto processand
sendinformation,for examplein theareasof cryptographyandquantumcomputers.

Nearthe absolutezerotemperature,mattercanswitch from beingferromagneticto para-
magneticthrougha very small changein an external parameter. One suchparameteris the
intensityof anappliedmagneticfield. If themajority of thespinspoint in thesamedirection
they amplify themagneticpropertiesof thesystem.Whenthepropertiesof a systemradically
changesbecauseof a smallchangein a parameter, thesystemdisplayscriticality. Thestudyof
criticality in theextremeenvironmentwherethetemperatureis closeto theabsolutezerois also

9



10 CHAPTER1. INTRODUCTION

of importancefor theunderstandingof phasetransitions.In a way, thestudyof spin systems
is ashortcutto understandingmoregeneralsystemswith a temperatureaway from theabsolute
zero. This thesisexploresthepossibilityof studyingsystemswith few particlesasa meansof
understandingcritical behavior.

The way the spinsareorderedplay a crucial role for the energy levels of the systemand
with that,it alsodeterminesits entropy. Theentropyof asystemis–inathermodynamicview–a
measureof how muchorderwe have in thesystem.For a quantumdynamicalspinsystemthe
degreeof orderdependson how many possibleconfigurationsof theorientationsof thespins
we canfind for eachstate.Sincethespinsaffecteachotherbecauseof entanglementthestudy
of entropyandentanglementgo handin handin quantumphysics,andin this thesisthestudy
of entropyandentanglementis thecentralsubject,togetherwith quantumcriticality.

The conceptsof entropyandentanglementareintrinsically very interesting.It is not hard
to understandthatthenotionof quantumentanglementattractsscience-fictionwriters,andthat
this sort of interestis whatmakesphysicspopularoutsidethe moreeducatedgroupof scien-
tists. Onemind bogglingideais thatour consciousmind, our brain,couldbecomparedwith
quantumcomputers,whereentanglementwouldplay a crucial role. This ideahasbeenusedin
thediscussionaboutwhatcouldhappenafterdeath,attemptingto explain “after deathexperi-
ences”whereour consciousnessseemsto besomethingmorethanour physicalmind. Maybe
thismight leadto speculationsabouta globalsubconsciouswhere“connected”mindscouldbe
the resultof entangledparticlesin our brains?Thesesubjectsareof coursepurespeculations
sofar andthis thesiswill only dealwith scientificfacts.Theareaof entanglementandentropy
is a very “fresh” subjectwherelotsof undiscoveredterritory lies ahead,andit hasattractedthe
interestof leadingphysicistsall over theworld.

To helpusin our taskof understandinghow criticality arisesin smallsystemswe mustfirst
defineandunderstandquantumentanglement,entropyandquantumcriticality. Chaptertwo
andthreearedevotedto this noblecause.I thenusethesedefinitionsto calculatetheentropy
for small spin systemsusingexact diagonalization.In chapterfour I show explicitly how the
calculationsarecarriedout for a givenHamiltonianandI alsoexplain how theprogramI con-
structedfor MATLAB works. At the endof chapterfive I explain thedifferentHamiltonians
usedto modelsimplespinchainsystemssuchastheIsing model,theHamiltonianandtheXY
Hamiltonian.In chapterfive I presentmy resultsandconclusions.



Chapter 2

Entr opy

“Justastheconstantincreaseof entropy is thebasiclaw of theuniverse,soit is thebasiclaw
of life to beevermore highlystructuredandto struggleagainstentropy” – Vaclav Havel

What is entropy? The basic thermodynamicdefinition tells us that entropyhasto do with
order. In short,entropymeasureshow disorderedsomethingis. Themoreorderwe have in a
system,the lessis the entropy. Informationtheorytells us thatentropyis to be seenassome
sort of uncertaintylevel, how muchuncertaintythereis in a state. A moreprecisestatement
aboutentropy-comingfrom statisticalphysics- is thatit hasto dowith thelevel of degeneracy
in a macroscopicstate,i.e.,how many microscopicalstatestherearegivenamacroscopicstate.
Needlessto say, the conceptof entropyis complex. This chapteris devoted to build up the
reader’s intuition aboutentropyandpresentthevon Neumanndefinition of entropy, themost
importantdefinitionof entropyfor this thesis.As we shallsee,thevon Neumannentropyalso
measuresthedegreeof quantumentanglementin a purestate,andthereforeit is of particular
interestto us.

2.1 Entr opy in thermodynamics

An ensembleis an imaginarycollection of systems,eachof which is a replica, in termsof
macroscopicvariables,of the systemof interest. A microcanonicalensembleis an ensemble
in which thesystemsmaybein differentstates,but wherethey all areisolatedsystems.For a
microcanonicalensemble,theentropyis givenby�/��� ho]wx��D�

(2.1)

where
�

is thenumberof statesand
�

is theBoltzmannconstant.In thisexample,entropyonly
hasto dowith how many statesthereare.

11



12 CHAPTER2. ENTROPY

In order to generalizethe definition of entropyinto taking thermalfluctuationsinto account,
weneedto learnaboutthepartition function, which is givenby theequation:� �9�F���i�F�F�X�P�P��� �

(2.2)

where � � is the energy of a statewith index � . �
is an abbreviation of the Germanword

’Zustandssumme’which meanssum-over-states[1]. Whenwe calculatethepartition function
that is exactly whatwe do, we sumover states.Theclassicalprobability thata systemis in a
quantumstate �j� is equalto the numberof quantumstatesassociatedwith ��� divided by the
total numberof states:   � � � �F�[¡¢�K�P�F�£ � � �F�F�P�P�P����¤ (2.3)

Thedenominatorin theaboveequationis, asyoucansee,thepartitionfunction. It mayseemas
if thepartitionfunctionis justsomenormalizationconstantneededto makethesumof theprob-
abilitiesequalto one.Consideringthatfor a microcanonicalensemble,all we needto know in
orderto calculatetheentropyis thenumberof states,we understandthatthepartitionfunction
is muchmoreimportantthanthat. Fromthepartitionfunctionwe canmakedirectconnections
betweenthequantumstatesof the systemandits thermodynamicproperties,suchasthe free
energy, thepressureandtheentropy. All this canbecalculatedfrom thepartitionfunction!

Now, with theprobabilitiesgivenby eqn(2.3),eqn(2.1)leadsto theformula:�/��¥��w¦A� �
  � hYR¨§   �S© � (2.4)

for calculatingtheentropyin a canonicalensemble. By writinghoR §   � © ��¥ �N�«ª � ¦¬ ¥ hoR §K� © (2.5)

andsubstituting
hYR®§   � © in eqn(2.4)we get�/�=� ¦ � �

  � §¯� ��w¦ ¬9° hoR §K� ©X© ¤ (2.6)

Thesumoverquantumstatesin eqn(2.6)hasonepartdueto
hoR §K� © andanotherpartcontaining�N�«ª � ¦¬ which involvesthemeanor averageenergy± � � �

  � � � ¤ (2.7)

By substitutingtheequationfor theaverageenergy into eqn(2.6)weget:�7� ±¬ ¥(²
(2.8)
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wherethefreeenergy F is relatedto thepartitionfunctionby²9��¥�� ¦j¬ hYR §P� © ¤ (2.9)

So,onewayof calculatingtheentropyof asystemin acanonicalensemble[1] is by calculating
the partition function. By understandinghow entropyarisesin thermodynamics,I hopethe
readerhasbeengifted with someintuition as to what entropyis. We now continueto more
abstractareassuchasinformationtheory.

2.2 Shannonentropy

Thekey conceptof classicalinformationtheoryis theShannonentropy. Shannonentropycan
beviewedaseithera measureof our uncertaintybefore we learnabouta randomvariable ³ ,
or as a measureof how much information we have gainedafter we have learnedthe value
of ³ [2]. Intuitively, the informationcontentof a randomvariableshouldnot dependon the
labelsattachedto thedifferentvaluesthatmaybe takenby ³ . For example,we expectthata
randomvariabletakingthevalues”alive” and”dead”,asin theSchr̈oedingercatexample,with
respective probabilities �´ and µ´ containsthesameamountof informationasa randomvariable
thattakesthevalues1 and0 with thesamerespectiveprobabilities.Becauseof this,theentropy
of a randomvariableis definedto bea functionof theprobabilitiesof thedifferentvaluesthe
randomvariabletakes,andis not influencedby thelabelsusedfor thosevalues.Weoftenwrite
theentropyasafunctionof aprobabilitydistribution

  � � ¤o¤Y¤ �  ;¶ . TheShannonentropyassociated
with thisprobabilitydistribution is definedby·�§ ³ ©�¸ ·H§   � � ¤Y¤o¤ �  M¶ ©¸ ¥ �w¹   ¹ hY]wx �   ¹ ¤ (2.10)

Now, the main task in this sectionis to understandwhy it is definedin this way, becausethe
Shannonentropy is very similar to thevonNeumannentropy in quantumphysics,andthatde-
finition of entropyis of most importanceto this thesis. The differencebetweenthe Shannon
entropyandvon Neumannentropyis that the classicalprobabilities

  � in eqn (2.10) areex-
changedwith operatorsºF� , andthesumis replacedby a trace.Thevon Neumanndefinition is
thedefinitionthatI usewhenI calculatetheentropyin MATLAB for systemswith few particles.

2.3 Intuiti ve justification for the definition of the Shannon
entropy

The best reasonfor the Shannondefinition of entropy, eqn (2.10), is that it can be usedto
quantifythe resourcesneededto store information [2]. This justificationis a bit hardto fully
understand,soto makethingseasierwe insteadaskourselveswhatpropertieswe wantour en-
tropy functionto have:
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(1) We wantour functionto bea functionof theprobabilitiesof ouroutcomesonly.

(2) We wantour functionto besmooth.

(3) The informationgainedfrom two independenteventsthatoccurwith individual probabili-
ties

 
and » shouldbe thesumof the informationgainedfrom eacheventalone,i.e. ¼ §   » © �¼ §   © ° ¼ § » © .

A function that fulfills theseconditionsmust be of the form ¼ §   © �½� ho]wx  
, for somecon-

stant
�

[2]. It followsthattheaverageinformationgainwhenoneof amutuallyexclusive setof
eventswith probabilities

  � � ¤Y¤o¤ �  M¶ occursis
� £ ¹   ¹ ho]wx   ¹

[3]. This is justtheShannonentropy,
up to a constantfactor.

2.4 Probabilistic justification of the Shannonentropy

Now, it is seldomenoughto have a fairly goodintuition aboutthingsin science,we alsoneed
to understandmorepreciselyhow thingsworks.For this reasonaderivationof thedefinitionof
theShannonentropyis in order:

Considera messagewritten with letterschosenfrom an alphabetconsistingof
�

numbersof
letters: ¾ �À¿ÂÁ � � Á � � ¤o¤Y¤ � Á ��Ã ¤ (2.11)

Now, supposethateachletter in themessageis statisticallyindependentof theother, andthat
theletters

Á ¹
occurswith ana priori probability

  § Á ¹ © , where
£ �¹ÅÄ �   § Á ¹ © �ÇÆ

.

ClaudeShannonaskedhimself: Is it possibleto compressthe messageto a shorterstring of
lettersthat conveysessentiallythesameinformation?

For thenumberof letters
�

large,let uswrite
�y��È

in orderto rememberthat
�

is large.With a
binaryalphabetwhereletter

�
occurswith probability

Æ�¥  
andletter

Æ
occurswith probability 

, thelaw of largenumberstellsusthattypicalstringswill containabout
È § Æj¥   © 0’sandaboutÈ  

1’s. Thenumberof distinctstringsof this form is of orderthebinomial coefficient
È

overÈ  
, andfrom theStirling approximation:hY]dxpÉ ÈÈ  /Ê � hY]dxU§ ÈjË§ È   © Ëf¿ÂÈ § Æ�¥   © Ã Ë ©�Ì�Ì � È ho]wx È,¥ÍÈ,¥�¿ÎÈ   hY]dx È   ¥�È   ° È § Æ$¥   © hY]dx È § Æ�¥   © ¥/È § Æ�¥   © Ã �� È ·H§   © � (2.12)
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where ·�§   © �Ï¥   ho]wx   ¥ § Æ�¥   © ho]wx¨§ Æ�¥   © � (2.13)

is the entropy function. Hence,the numberof typical stringsis of order
�_ÐuÑÎÒ	Ó

. To convey
essentiallyall the informationcarriedby a string of

È
bits, it sufficesto choosea block code

that assignsa positiveinteger to each of the typical strings. Sincethis block codehasabout�iÐNÑÎÒ	Ó
letters,which is lessthantheoriginalnumberof letters(for

 ÍÔ� �� ), we have successfully
reducedthenumberof lettersneededto sendtheinformation.

This is Shannon’s result. Thekey ideais thatwe only needa codeword for every typical
sequenceof letters,insteadof all possiblesequencesof letters[2]. The probability that the
actualmessageis atypicalbecomesnegligible asymptotically, i.e., in thelimit

È¯Õ Ö
.

This reasoningis valid evenfor thecaseof
È

letters,with analphabetwhereletter × occurs
with probability

  § × © . We don’t needto usea binary alphabet1. In a string of
È

letters, ×
typically occursabout

È   § × © times,andby onceagainusing the Stirling approximation,the
numberof typical stringsis of order ÈjËØ ¹ § È   § × ©�© ËÙ � � ¶ ÐNÑÛÚ�Ó �

(2.14)

where³ is thedistribution from whereeachof the
È

lettersis drawn from, and·H§ ³ © �=� ¥   § × © ho]wx   § × © ¤ (2.15)

This is thedefinitionof theShannonentropyof theensemble³ ��Ü × �   § × ©�Ý .
Here, I would like to stressthe fact that the derivation is donefor a large numberof letters,�}Þ!Þ9Æ

, in orderto beableto usetheStirling approximationandto reducetheprobabilitythat
the actualmessageis atypical. Thus, the Shannonentropyshouldnot be very accuratefor a
smallnumberof letters.

2.5 von Neumannentropy

Thedifferencebetweenquantumandclassicalinformationtheoryliesin thedependenceamongst
thelettersthataredrawn. In classicalinformationtheoryeachlettercanbedrawn independently
from anensemble³ �Q¿ × �   § × © Ã , whereasin quantuminformationtheoryeachletteris chosen
from anensembleof quantumstates

  ¹
, eachoccurringwith aspecifieda priori probability

  ¹
.

In quantumtheory, theprobabilityof any outcomeof any measurementof a letterchosenfrom
this ensemble(wheretheobserver hasno knowledgeaboutwhich letterwasprepared),canbe
completelycharacterizedby thedensitymatrixº � � ¹   ¹ º ¹ � (2.16)

1Seechapter5 for a discussionaboutthis.
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where º ¹ �àß ×âá	ãS× ß is a projectionoperatorontostate
ß ×âá (usingtheDirac notation2). For any

densitymatrix,we maydefinethevonNeumannentropyas:� § º © �Ç¥$äXå § º hY]dx º © � (2.17)

wherewe traceoveroneof thesubsystemsA or B, i.e.� §Sæ © ��¥$äXå § ºFç ho]wx ºFç © � (2.18)� §Kè © ��¥$äXå § º ¦ hY]dx º ¦ © ¤ (2.19)

If we chooseanorthonormalbasis
ßéÁ á thatdiagonalizesº :º � �Fê�ë ê ßéÁ ásã Á�ß � (2.20)

then � § º © � ·�§ìæ © � (2.21)

where
·�§ìæ © is theShannonentropyof theensemble

æ �ÏÜdÁ � ë ê Ý .
So, in thecasewerethesignalalphabetconsistsof mutuallyorthogonalpurestates,thequan-
tumsourcereducesto aclassicalone;all of thesignalstatescanbeperfectlydistinguishedsince
they areindependentof eachother, and

� § º © � ·�§ ³ © .
Now, onceagain,I would like to point out that the von Neumannentropymight not be

very accuratefor a small numberof letters
�
, sincetheShannonentropyis not accuratefor a

smallnumberof letters,andthetwo definitionsareanalogiesof eachother. However, thevon
Neumanndefinitionmustnotnecessarilybederivedfrom theShannonentropy3.

The von Neumannentropyquantifiesnot only the quantuminformationcontentper letter
of the ensemble(the minimum numberof qubitsper letter neededto reliably encodethe in-
formation)but alsoits classicalinformationcontent(themaximumamountof informationper
letter- in bits, not qubits- thatwe cangainaboutthepreparationby makingthebestpossible
measurement).For a deeperstudyin quantuminformationtheoryI refer the interestedreader
to [2, 3, 5].

The von Neumanndefinition of entropyentersquantuminformationtheory in yet a third
way, the most importantonefor this thesis: It quantifiesthe entanglementof a bipartitepure
state.This is why quantuminformationis solargelyconcernedwith theinterpretationanduses
of thevonNeumannentropy.

As a simple exampleof how the von Neumannentropyworks, let us considera pure two-
particlespin- �� system,whereif oneparticleis in aspinupstate,theotheronemustbein aspin

2Seechapter4.
3I will presentastrongerargumentfor thevalidity of thevon Neumannentropyof entanglementin section3.3.
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down stateandvice versa,to preserve thetotal angularmomentum.Eachparticlehasthesame
probabilityof beingin thespinupstateasin thespindown state,andwe canwrite thestateas:� � eí]FTb§ìî © ßbï �Pð � á ° TPWYR §ìî © ß ð"� ï � á ¤ (2.22)

Now, thetotal densitymatrix is givenbyº �Qß �ñá	ãS� ßw� §SeÅ]FTí§ìî © ß_ï �ìð � á ° TPWYR §ìî © ß ð"� ï � á © §ìeí]FTb§ìî © ã ï �Pð � ß ° TPWYR §ìî © ã ð"� ï � ß © ¤ (2.23)

Now, with ßiï á ��ßòÆ á � (2.24)ß ð á ��ß � á � (2.25)

theabove equationreducestoº � §SeÅ]FTí§ìî © ßòÆ � � � á ° TPWYR §ìî © ß � � Æ � á ©�ó §Seí]ôTí§Sî © ã Æ � � � ß ° TKWoR §Sî © ã � � Æ � ß © � (2.26)

whichequals º � eÅ]FTb§Sî © � ßòÆ � � � ásã Æ � � � ß ° TPWYR §ìî © eÅ]FTb§Sî © ßÛÆ � � � á	ã � � Æ � ß °° TPWYR §ìî © eí]ôTí§ìî © ß � � Æ � á	ã Æ � � � ß ° TPWYR §ìî © � ß � � Æ � ásã � � Æ � ß ¤ (2.27)

Now, we usethedefinitionof thevon Neumannentropyandtraceover thestatesof oneof the
particles,for exampleparticleno. 2 ( õ � ) to get:º � � ä�å � § ß º"ásã«º ß © � �öb÷ Ä;øsù � ãKõ � ß º"á	ãúº ß õ � á �� ã � � ßsû eí]FTÅ§Sî © � ßòÆ � � � á	ã Æ � � � ß ° TKWoR §Sî © eí]FTÅ§Sî © ßòÆ � � � ásã � � Æ � ß °° TKWoR�§ìî © eÅ]FTí§ìî © ß � � Æ � ásã Æ � � � ß ° TPWYR §ìî © � ß � � Æ � ásã � � Æ � ß üß � � á °° ã Æ � ß û eí]ôTb§Sî © � ßÛÆ � � � ásã Æ � � � ß ° TPWYR §ìî © eí]ôTb§Sî © ßòÆ � � � á	ã � � Æ � ß °° TKWoR�§ìî © eÅ]FTí§ìî © ß � � Æ � ásã Æ � � � ß ° TPWYR §ìî © � ß � � Æ � ásã � � Æ � ß ü ßòÆ � á � (2.28)

whichgives4 º � � TKWoR §Sî © � ßòÆ ásã Æ;ß ° eí]ôTb§Sî © � ß � ásã � ß ¤ (2.29)

In matrix form this canbewrittenas

º � � É TKWYR®§Sî © � �� eÅ]FTí§ìî © � Ê ¤ (2.30)
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Figure2.1: von Neumannentropyfor a puretwo-particlesystem.Thex-axis is thethetaaxis,
they-axisis theentropy.

Now, insertingthis matrix in MATLAB for thevon Neumannentropy, eqn(2.18),givesusthe
plot seenin fig 2.1.Here,themaximumentropyis for

eÅ]FTb§Sî © � TPWYR §ìî © , i.e. for
î �=ý ª � ° � È¨ý

.
This meansthat theentropyis at a maximumwhenboth configurationsareequallyprobable,
whereneitheroneof theconfigurationsaredominant,whichmeansthatthe“uncertainty”of the
systemis at a maximum.This is exactly theresultwe wantfrom a definitionof entropy, sothe
vonNeumannentropyseemsto bea goodone! 5

The degreeof entanglementis in a way a measureof how much the individual particlesaf-
fecteachother. By knowing thedegreeof entanglementin a systemwe know how muchorder
we got in the system,its entropy. Becauseof this, entanglementcanbe usedto calculatethe
entropyof thesystem,andviceversa.

4Seechapter4 for a moredetailedexplanationof how tracingworks.
5It mayseemstrangethatthevon Neumanndefinitionof entropyseemsto work for thisexamplewherewe, in

theclassicalanalogy, wouldhave abinaryalphabet(spinupor spindown) with only two letters( þÎÿ���� or þ �iÿ�� ). See
chapter5 for a deeperdiscussionaboutthissubject.



Chapter 3

Entanglementand quantum phase
transitions

Quantumphasetransitionshaveattractedresearchactivities from variousfieldsof physics.Un-
like classicalphasetransitions,which aredrivenby thermalfluctuations,quantumtransitions
areinducedby a parameterwhich enhancesquantumfluctuationsat zerotemperature[6]. En-
tanglementandtheunderstandingof quantumphasetransitionsgohandin hand.Whenasystem
is closeto a critical point thecorrelationsbecomelong-rangedandentanglementgovernsthe
behavior of thesystem.This is why quantumphasetransitionsareof greatimportance,notonly
in itself, but alsofor theunderstandingof entanglement.

3.1 The degreeof entanglement

Particlesaffect eachotherthroughtheir individual spinorientation.If thenetangularmomen-
tum of a systemis zero,andif all thecontributionsto theangularmomentumcomesfrom the
individual particlesspins,thenthesumof the individual spinsof theparticlesmustaddup to
zero. This meansthat if we have two particles,with one of the particleshaving spin ”up”,
thentheothermusthave spin ”down”. In otherwords; if we know thespinof oneof the two
particles,we know thespinof theotheronewith certainty. This is anexampleof a maximally
quantumentangledsystem[7].

In a way, thedegreeof entanglementshouldbethedegreeof how “far away” thesystemis
from beingableto bewritten asa productstate, i.e. anunentangledstate.A productstateis a
statethatcanbewrittenas � � � � � � � � ¤Y¤o¤ � � ¶ � (3.1)

whereeach � � correspondsto particle ���
	 state. A measureof how ”far away” a systemis of
beingableto bewrittenasaproductstatemaythenperhapsbecomparedwith how many terms
weneedto usein orderto write thestateasasumof all possiblespin-configurations.As it turns
out, thecomplexity of measuringentanglementis higherthanthis [12, 8, 9, 17]. Thedegreeof
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entanglementis morelinkedto theform of theresultingreduceddensitymatrices.Thereduced
densitymatricesarelinked to ”how much” of a productstatethesystemis in, sincetheground
statethat builds up the matricescanbe comparedto ”how close” it is from beingable to be
written asa productstate. By usingdifferent transformationswith adherentparametersit is
possibleto determinehow ”far away” thestateis from a productstate

Characterizingentanglementis aboutidentifying a reducedsubsetof parametersthat are
particularlyrelevantfrom aphysicalor computationalpointof view [4]. Exactlyhow to do this
is not clear, sincewhatis of relevancein onesituationmight notbethesameasin anothersitu-
ation.Becauseof this,wehavemany differentdefinitionsof entanglementand,therefore,since
entropyconvenientlymeasuresentanglement,entropiesof entanglement. The mostimportant
onefor this thesisis theonefor pure ensembles,which is thevon Neumannentropy, but other
definitionsof importancearethe so called localizableentanglement[8, 10], entanglementof
formation [8] andconcurrence[12]. First, we needto setthingsclearaboutmixed andpure
ensembles.

3.2 Entanglementin mixed and pureensembles

When every particle in an ensemblecan be characterizedby the samestateket
ß � á the en-

sembleis said to be a pure ensemble.Conversely, when this is not true, the ensembleis a
mixedensemble.As an example,a beamof silver atomswhich hasgonethrougha selective
Stern-Gerlach-typemeasurement[7] will beapureensemblesinceall theparticlescanbechar-
acterizedby the samestateket. Beforethe particlesgo throughany apparatus,the ensemble
is mixed. In a moreprecisemanner, a pureensembleanda completerandomensemblecanbe
regardedastheextremesof whatis known asamixedensemble.In amixedensembleacertain
fraction- for example, � �� of themembersarecharacterizedby a stateket

ß � á , theremaining� ��
by

ß � á . For a pureensemble,this fractionis
Æ �d��

and
��

, respectively.
So,whenwe try to defineentropyof entanglement,we shoulddo it for a mixedensemble

in order to be able to useit on every type of ensemble.However, becauseof the problems
mentionedabove, what relevantparametersto identify entanglementwith is not universal. In
contrast,for a pureensemblethereis no needto complicatematterswith transformationsand
adherentparametersin order to characterizeentanglement,and the von Neumannentropyis
asof todayindisputablya goodone. Note, however, thatwith sayingthat it is a goodone,I
am not sayingthat it is without problemsor that it cannotbe improved upon. For example,
the systemneedsto be a bipartite systemin order to be able to apply the definition of the
von Neumannentropy. We would like to have a definition that canbeappliedto multipartite
systems.In addition,it seemsto me that it is quitepossiblethat theapparentapproximations
madein thederivationof theShannonentropy, togetherwith applyingthevonNeumannentropy
for systemswith few particles,shouldresultin anapproximationandnot in anexactevaluation
of theentropyof thesystem.
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3.3 Why is the von Neumannentropy a goodmeasure of en-
tanglement?

Well, first off, it is only a goodmeasurementof entanglementfor pure states.For mixedstates
thedistinctionbetweenentangledandunentangledstatesarenot assharpasfor purestates:a
purestateis entangledor nonlocalif andonly if its statevectorcannotbeexpressedasa prod-
uct � � � � � of pure states� � and � � [7]. This is thecoreof entanglement.

If we look at the von Neumanndefinition of entropy, eqn(2.18), from a mathematicalpoint
of view, we noticethatwhenwe have a maximumof the entropy, the reduceddensitymatrix
reducesto a multiple of the identity matrix [13]. Conversely, theentropyreachesa minimum
whenthereduceddensitymatrix hasequalentriesin all positions,or whenthematrix in other
waysis as”far away” from beinga multiple of theidentity matrix. This minimumhappensfor
productstates,ascanbeunderstoodby writing outaproductstateandlook atits densitymatrix.
Fromthisview, it is clearthatthevonNeumannentropy”doesits job” in therespectof finding
maximumandminimum. Thedefinitionreflects”how much” of a productstatethestateis in.
But a gooddefinitionalsoneedsto fulfill a setof otherproperties[8, 18]:� Theentanglement,whichweshalldenote� , of independentsystemsis additive.� � is conserved underlocal unitary operations,i.e., underany unitary transformation

±
that canbe expressedasa product

± � ± ç � ± ¦
of unitary operatorson the separate

subsystems.� Theexpectationof � cannotbe increasedby local non-unitaryoperations:if a bipartite
purestate

ß �ñá is subjectedto a localnon-unitaryoperation(e.g.ameasurement)resulting
in residualpurestates

ß � � á with respective probabilities

  �
, thentheexpectedentangle-

ment of the final states
£ �   � � § � � © is no greater, but may be less, than the original

entanglement� § � © [9].� Entanglementcanbeconcentratedanddilutedwith unit asymptoticefficiency [?], in the
sensethat for any two bipartitepurestates

ß ��á and
ß � � á , wherein the ”Alice andBob

example”1, Alice andBobaregivenasupplyof
È

identicalsystemsin astate
ß � á ��ß �ñá ¶ .

They canuselocal actionsandone-wayclassicalcommunicationto prepare� identical
systemsin state

ß � � á�� ß � � á ¶ , with the yield �Hª È approaching� § ß �ñá © ªd� § ß � � á © , the
fidelity

ß ã � � ß § ��� ©�� á ß � approaching1, andprobability of failure approachingzeroin the
limit of large

È
.� With regardto entanglement,a purebipartitestate

ß ��á is thuscompletelyparameterized
by � § � © , with � § � © , beingameasureof boththeasymptoticnumberof standardsinglets

1Alice andBobshareanentangledstate,see[1].
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requiredto locally preparea systemin state
ß ��á – its ”entanglementof formation” – and

theasymptoticnumberof standardsingletsthat canbe preparedfrom a systemin stateß ��á by local operations– its ”distillable entanglement”[8].

This is a goodargumentto why thevon Neumanndefinition is a powerful one. However, one
mightwantto understandthedetailsin thedefinition,andwherethey comefrom without look-
ing at theanalogywith theShannonentropy. This would beusefulsinceour doubtsaboutthe
accuracy of theShannonentropyfor systemswith asmallnumberof letterswoulddecrease.

For this purpose,we startby askingourselves: Canwe usepartially entangledpurestatesto
characterizeentanglement?In otherwords,canwe usepairsof particlesin thestateß �ñá � eí]ôT"î ßÛÆ � á � ß � � á ° TKWoR�î ß � � á ßÛÆ � á (3.2)

to supplyentanglement?If so,how many suchpairsto substitutefor onemaximallyentangled
pair, suchaspairsof particlesin thestateß �ñá � Æ� � § ßÛÆ � á � ß � � á ° ß � � á � ßòÆ � á © (3.3)

wouldbeneeded?By usingthesocalled”Schmidtdecomposition”andabsorbingphasesinto
the definitionsof the basicstates,any entangledstatecan be representedby a biorthogonal
expressionof this form with positive andrealcoefficients[9]� §Sæt�Åè © � �� � Ä � � � ß � � á � ß � � á � (3.4)

where
ß � � á � ß�� � á � ¤o¤Y¤ � ß�� ¶ á and

ß � � á � ß � � á � ¤Y¤o¤ � ß � ¶ á areorthonormalstatesof subsystemA andB,
respectively, andthecoefficients � � arerealandpositive. Now, for eitherobserver, anentangled
stateis describedby a densitymatrix obtainedby tracingover the degreesof freedomof the
otherobserver. Thedensitymatricesarediagonalin theSchmidtbasis:º ç � ¬ å ¦ ß � §ìæt�íè © ásã � §ìæt�íè © ßi� � � � � ß � �«ásã � � ß � (3.5)

andsimilarly for º ¦ . Theentanglementof a partly entangledpurestatecannow beparameter-
izedby its entropyof entanglement,definedasthevonNeumannentropyof either ºFç or º ¦ , or
equivalentlyastheShannonentropyof thesquaresof theSchmidtcoefficients.� ��¥ ¬ å § ºFç hY]wx � ºFç © �Ï¥ ¬ å § º ¦ hY]wx � º ¦ © ��¥ � ¦ � �� hY]dx � � �� ¤ (3.6)

The squareof the Schmidtcoefficientsis what we know of asthe probability of the possible
outcomes

  � in theShannonentropy.
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3.4 Entanglementin quantum phasetransitions

Whenthe systemis in a gap-less(critical) environment,the correlationsarelong-rangedand
entanglementis believedto stronglyinfluencethebehavior of thesystem.Thespinatonelattice
site may affect anotherspin from a very greatdistance. The internal structurein a material
becomessecondaryto its macroscopicdimensions.This phenomena,when the macroscopic
propertiesof a materialbecomesdominant,is calleduniversality, andit is a contributor to the
entanglementof thesystemandits entropy. Thestudyof this phenomenoninvolvesthestudy
of orderparametersandscalingwith usesof therenormalizationgroup[17, 11].

Onephenomenonof particularinterestto this thesisis thequantummagneticorder-disorder
transition:in theorderedphasetheaveragespindirection(magnetization)alonga givendirec-
tion is nonzero,while in thedisorderedphaseit is zero.This phasetransitionis believedto be
associatedwith a particularbehavior of the quantumentanglementof the system. What this
meansfor theIsingandXY modelis thetopicof this thesis.

3.5 Critical parametersand magnetization

For a spin lattice systemthe critical parameterat zerotemperatureis the intensityof the ex-
ternalmagneticfield � 2. Thereareconjecturesthat thequantumentanglement(or the rateof
changeof theentanglementasafunctionof g) typically showsamaximumataquantumcritical
point. Thisconjectureraisesa numberof questions:“Doesthescenarioalwayshappenfor any
model?”, “Is it independentof the particulardefinition of entanglementthat is beingused?”,
“How doesthispropertyshow up for smallsystems,with afinite numberof spins?”.Theseare
someof thequestionsthatwe addressin chapters4 and5.

For thespinmodelsthatwe useatzerotemperature,theessentialquantumphasetransition
thathappensis thatthey go from beingferromagneticto paramagnetic.For this reasonit is of
interestto calculatethemagnetizationof a spinsystem.

Themagnetizationof thesystemis givenby [9]

� � ã � � á � Æ�  � � Ä � !#"� (3.7)

whereN is thenumberof spinsin thesystem.

I have implementedthe calculationof the magnetizationinto my MATLAB programandthe
resultis shown, togetherwith resultsfor thevonNeumannentropy, in thegraphsin chapter5.

2An externalmagneticfield is usuallydenoted$ in physicstexts. However, in thecontext of quantumcritical
models,like theIsingandXY models,thestandardnotationis % .
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Chapter 4

Calculations

Calculatingthe entropyof a quantumspin systemmay seemsimplewhen“seenfrom a dis-
tance”. The detailedimplementation,however, is a completelydifferentstory, and requires
quite a bit of work. To illustratetheexact diagonalizationmethodfor calculatingtheentropy
for a1-dimensionalspinsystemwith nearestneighborcouplingandatransversemagneticfield,
I use,at first, an Ising spinchainconsistingof only threelatticespins. I thencontinuewith a
chainof fiveparticles.Fromthesesimplecasesit is possibleto understandhow to carryout the
calculationfor moreparticles.Theactualcalculation,however, is very time consuming(even
for a computer)asthedimensionsof thematricesgrow quadraticallyfor eachaddedparticle.

4.1 The analytical approachasseenfr om a distance

For a 1-dimensionalIsingspinchainwith anexternaltransversemagneticfield of magnitude�
theHamiltonianis givenby · � ¶�& � ù � ' (�§ !

¹� ! ¹� ° � ! "� © � (4.1)

where!
¹

and ! " aretheDirac spinmatrices! " � É Æ �� ¥3Æ Ê � ! ¹ � É � ÆÆ � Ê �
(4.2)

andJ is a couplingconstantand � is theintensityof theexternalmagneticfield.

In order to calculatethe groundstatevector (we are only interestedin the groundstatefor
the von Neumanndefinition of entropyof entanglement)we needto diagonalizethe Hamil-
tonian.Fromtheeigenstatematrix,weselectthevectorcorrespondingto thelowesteigenvalue,
which,by definition,correspondsto thegroundstate.Formally, we representthediagonaliza-
tion procedureby ) � Á � §P· © Õ ³ �+* �

(4.3)
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were ³ is theeigenstatematrix and
*

is thediagonalmatrix with thecorrespondingeigenval-
ues.Now, thegroundstateis givenby thevectorcorrespondingto thelowesteigenvalue,which
for MATLAB is thevectorin thefirst column:� � ³ §�,Y� Æ © ¤ (4.4)

Our next stepis to calculatethe densitymatrix from the statevector � for the whole systemæ�è
, were

æ
and

è
arethetwo subsystemsthatwe havedividedour systeminto in orderto get

abipartitesystem.This is givenby ºFç ¦D� � ó � � ¤ (4.5)

Now we needto constructthe reduceddensitymatricesºFç and º ¦ . They arelabeledreduced
becausewhen,for example,we constructºFç we traceover theparticlescorrespondingto sub-
system

è
. i.e. ºFç ��äXåí¦ § ºFç ¦ © � (4.6)º ¦/��ä�å ç § ºFç ¦ © ¤ (4.7)

How this tracingis doneexplicitly will beexplainedin detail in thenext section.Theentropy
for eachsubsystemis now, asgivenby thevonNeumanndefinition� ç ��äXå § ºFç hY]dx � ºFç © � (4.8)�U¦/� äXå § º ¦ hY]wx � º ¦ © ¤ (4.9)

Sincethevon Neumanndefinition in a way measurestheentropyof entanglement“between”
thetwo subsystems

æ
and

è
, thetotal entropyfor thewholesystem

æ�è
is equalto theentropy

of eachsubsystem
æ

and
è

: � ç ¦ �9� ç �9� ¦ ¤ (4.10)

In order to performthesecalculationsexplicitly, I needto switch over to a moreconvenient
notation,theDirac notation.

4.2 Dirac notation

Paul Dirac inventeda very clever way of writing quantumstates.Insteadof usingwave func-
tionsto describeevery possiblepropertyof a systemthisnotationallowsusto write, for exam-
ple, a spinup propertyas

ßòÆ á anda spindownpropertyas
ß � á . Whentherearemany qubitsin

a row, thefirst qubit correspondsto particleno. 1, thenext qubit correspondsto particleno. 2,
andsoon,andthenotationcanbesimplifiedto:ß � á ßòÆ á ß � á ßÛÆ á ¤Y¤Y¤ ßòÆ á ßòÆ á ��ß � Æ � Æ ¤Y¤o¤ ÆdÆ á ¤ (4.11)
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In vectorform, spinupandspindown is writtenasßÛÆ á � É Æ� Ê �
(4.12)

ß � á � É � Æ Ê �
(4.13)

respectively. For a systemwith threeparticleswhereall particleshave spinup, thestatewould
bewritten as

ßòÆ á � ßÛÆ á � ßÛÆ á � É Æ� Ê � É Æ� Ê � É Æ� Ê � -..
/
Æ���
0211
3 � É Æ� Ê �

-..........
/

Æ������� ¤

0 1111111111
3
�

(4.14)

whereit is understoodthatwearedealingwith directproducts,i.e. Kroneckermultiplication:ßòÆ á ßòÆ á ßÛÆ á ��ßÛÆ á � ßòÆ á � ßÛÆ á ¤ (4.15)

Now it is easyto seethatany vectorcanbewrittenasasumoverspin-configurations,sowecan
write our groundstateasasumoverall possiblespinconfigurations,

ß ��á �
-......
/

4 �4 �,,4 �6587:94 � 5

02111111
3
� 4 � ßÛÆwÆ ¤o¤Y¤ ÆwÆ á ° 4 � ßÛÆwÆ ¤o¤Y¤ Æ � á ° ¤o¤Y¤ ° 4 �65;7:9 ß �d� ¤Y¤o¤ � Æ á ° 4 � 5 ß �d� ¤o¤Y¤ �d� á ¤ (4.16)

It follows thatour densitymatrix for thewholesystem
æ!è

reads:ºFç ¦ � � ó � �,�� § 4 � ßòÆdÆ ¤o¤Y¤ ÆdÆ á ° 4 � ßòÆdÆ ¤o¤Y¤ Æ � á ° ¤o¤Y¤ ° 4 � 587:9 ß �w� ¤Y¤o¤ � Æ á ° 4 � 5 ß �d� ¤Y¤o¤ �d� á ©�óó § 4 � ßòÆdÆ ¤o¤Y¤ ÆdÆ á ° 4 � ßòÆdÆ ¤o¤Y¤ Æ � á ° ¤o¤Y¤ ° 4 �<587:9 ß �w� ¤Y¤o¤ � Æ á ° 4 � 5 ß �d� ¤Y¤o¤ �d� á © �� 4 � 4 � ßòÆdÆ ¤o¤ Æ á	ã ÆdÆ ¤Y¤ Æ;ß ° 4 � 4 � ßÛÆwÆ ¤Y¤ Æ ásã Æ ¤Y¤ Æ � ß ° ¤Y¤Y¤ ° 4 ¶ 4 ¶ ß �w� ¤Y¤ � ásã �w� ¤Y¤ � ß ¤
(4.17)
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Wecanwrite thetraceover eachsubsystemexplicitly asºFç ��äXåí¦ § ºFç ¦ © � �>= ã ��ß ºFç ¦�ß � á �� � = ã ��ß § 4 � 4 � ßòÆwÆ ¤Y¤ Æ ásã ÆwÆ ¤Y¤ ÆMß ° 4 � 4 � ßòÆdÆ ¤o¤ Æ á	ã Æ ¤Y¤ Æ � ß ° ¤o¤Y¤ ° 4 ¶ 4 ¶ ß � ¤Y¤ �w� ásã � ¤Y¤ �w� ß © ß � á � (4.18)

andº ¦ � äXå ç § º ç ¦ © � �@? ã �ñß º ç ¦ ß�� á �� � ? ã ��ß § 4 � 4 � ßÛÆwÆ ¤o¤ Æ ásã ÆdÆ ¤o¤ Æ;ß ° 4 � 4 � ßòÆwÆ ¤Y¤ Æ ásã Æ ¤o¤ Æ � ß ° ¤Y¤o¤ ° 4 ¶ 4 ¶ ß � ¤Y¤ �d� á	ã � ¤o¤ �d� ß © ß�� á � (4.19)

where
ß � á and

ß � á arethequbitscorrespondingto theparticlesin subsystem
è

and
æ

respec-
tively.

4.3 Block vectorsand particle numbering

In orderto usethevon Neumanndefinitionto measuretheentropywe needto split our system
into two subsystems,block A andB. This resultingsystemis calleda bipartite system[9]. In
our casetheundividedoriginal systemconsistsof a chainof particles,eachwith spinonehalf.
This is calleda spinchain.Now, wegiveeachparticleanumberfrom 1 to n, weren is thetotal
numberof particles,andwe let theparticleskeepthis numberafterwe havedividedthesystem
into this bipartitesystem.This is necessarylateron in orderto keepa clearheadabouthow to
traceover eachsubsystemwhenwecalculatethereduceddensitymatrices.

To helpusunderstandhow thefinal summationfor our densitymatricesareaffectedby the
numberof particlesandhow we split our spinchaininto a bipartitesystem,let uscalculatethe
densitymatrixfor asystemconsistingof threeparticlesonaspinchain,wherewelet subsystemæ

consistof the two leftmostparticlesandsubsystem
è

to consistof the third particle. For
starters,let’s have a look at how exactly thecorrespondingblock vectorsarise. We canwrite
our groundstatevectoras:

� ç ¦ �
-..........
/

4 �4 �4 µ4 ´4@A4>B4@C4>D

021111111111
3

� 4 �
-..........
/

Æ�������

021111111111
3
° 4 �

-..........
/

� Æ������

021111111111
3
° ¤Y¤o¤ ° 4:C

-..........
/

������ Æ�

021111111111
3
° 4ED

-..........
/

������� Æ

021111111111
3
¤ (4.20)
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1                              2                              3

block A                   block B

Figure4.1: A spingraphover 3 particles.Block A consistof thetwo leftmostparticles,block
B of thethird particle.

As we have seen,this canbewrittenasa sumover configurationsin Diracnotationasß ��ç ¦ á � 4 � ßòÆdÆwÆ á ° 4 � ßòÆdÆ � á ° 4 µ ßòÆ � Æ á ° 4 ´ ßÛÆ �d� á° 4:A ß � ÆwÆ á ° 4EB ß � Æ � á ° 4 C ß �d� Æ á ° 4 D ß �w�d� á ¤ (4.21)

Now wesplit oursysteminto blockA andblockB, wherewe let blockA consistof particleno.
1 and2, andblockB consistsof particleno. 3. Here,werewrite thegroundstateasß ��ç á � 4 � ßòÆdÆ áìç � ßòÆ á ¦ ° 4 � ßòÆdÆ áSç � ß � á ¦ ° 4 µ ßòÆ � áìç � ßÛÆ á ¦ ° 4 ´ ßòÆ � áSç � ß � á ¦° 4:A ß � Æ áìç � ßòÆ á ¦ ° 4>B ß � Æ áSç � ß � á ¦ ° 4 C ß �d� áìç � ßÛÆ á ¦ ° 4 D ß �d� áSç � ß � á ¦ ¤

(4.22)

which in thelanguageof linearalgebraequals

� ç ¦ � 4 �
-..
/
Æ���
0211
3 ç

� É Æ� Ê ¦ ° 4 � -..
/
Æ���
0211
3 ç

� É � Æ Ê ¦ ° ¤o¤Y¤ ° 4>D
-..
/
��� Æ
0211
3 ç

� É � Æ Ê ¦ ¤ (4.23)

Whenwe traceover onesubsystem,we, in laymanterms,ignore thatsubsystem.If we wereto
“trace” thisgroundstateoverblockB, our resultingsubsystemwouldbecome

��ç ��äXåí¦ § ��ç ¦ © � 4 �
-..
/
Æ���
0211
3 ç °

4 � -..
/
Æ���
0211
3 ç ° ¤Y¤Y¤ ° 4 D

-..
/
��� Æ
0211
3 ç ¤ (4.24)

This is not a tracein the mathematicalsensesincea traceis definedto operateon matrices.
In this examplethe “trace” is operatingon a vector, asa mereillustrationof themain ideaof
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tracing.Now, let usconsidera particularconfigurationof spinsandcalculateits densitymatrix
by tracingover the two blocks. For example,takethecasewith a spinchainof five particles,
wherewehavedividedoursystemsothatblockA consistsof thefirst threeparticles,andblock
B of thelasttwo (seefig 4.2):

1                       2                        3                        4                        5
 block A                                 block B

Figure4.2: A spinchainof 5 particles.Block A consistsof particle1, 2 and3 andblock B of
particle4 and5.

Here,wechooseour stateto betheparticularconfigurationß �jç ¦ á �LßÛÆ � Æ áSç � ß � Æ á ¦/�QßòÆ � Æ áìç ß � Æ á ¦/��ßÛÆ � Æ ç � Æí¦ á ¤ (4.25)

Thus,our densitymatrix for thewholesystembecomes

ºFç ¦7� ��ç ¦ ó � �ç ¦ �ÀßòÆ � Æ ç � Æí¦ ásã Æ � Æ ç � ÆÅ¦�ß � (4.26)

with thedensitymatricesfor eachblockgivenby

ºFç ��ä�åÅ¦ § ��ç ¦ ó � �ç ¦ © ��ßÛÆ � Æ ç�á	ã Æ � Æ ç ßF�LßÛÆ � Æ ásã Æ � ÆMß (4.27)

º ¦ � äXå ç § � ç ¦ ó � �ç ¦ © ��ß � Æ ¦ ásã � Æ ¦ ßw��ß � Æ á	ã � ÆMß ¤ (4.28)

Noticethatfor thissingleconfiguration,we have nosummationin thefinal step.

Now that we understandhow tracing over subsystemswork, we can go back and calculate
thereduceddensitymatrix for thebipartitesystemof threeparticles(cf. fig. 5.1). Writing out
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thesumin eqn(4.18)explicitly oneobtains

ºFç � ä�åÅ¦ § ºFç ¦ © �� � = § ã �$ß § 4 � 4 � ßÛÆwÆwÆ ásã ÆwÆwÆMß ° 4 � 4 � ßÛÆwÆwÆ ásã ÆwÆ � ß ° ¤o¤Y¤ ° 4 D 4 D ß �w�w� ásã �w�w� ß © ß � á ©� ã � ß § 4 � 4 � ßÛÆwÆdÆ ásã ÆwÆdÆ;ß ° 4 � 4 � ßÛÆwÆdÆ ásã ÆwÆ � ß ° ¤o¤Y¤ ° 4 D 4 D ß �d�w� ásã �d�w� ß © ß � á° ã Æ;ß § 4 � 4 � ßòÆdÆwÆ á	ã ÆdÆwÆ;ß ° 4 � 4 � ßòÆdÆwÆ á	ã ÆdÆ � ß ° ¤Y¤o¤ ° 4ED�4ED ß �d�w� á	ã �d�w� ß © ßÛÆ á� 4 � 4 � ßòÆdÆ ásã ÆwÆMß ° 4 � 4 µ ßÛÆwÆ ásã Æ � ß ° 4 � 4@A ßòÆdÆ á	ã � ÆMß ° 4 � 4 C ßòÆwÆ ásã �w� ß° 4 � 4 � ßòÆdÆ ásã ÆwÆMß ° 4 � 4 ´ ßÛÆwÆ ásã Æ � ß ° 4 � 4 B ßòÆdÆ á	ã � ÆMß ° 4 � 4ED ßòÆwÆ ásã �w� ß° 4 µ 4 � ßòÆ � ásã ÆwÆMß ° 4 µ 4 µ ßÛÆ � ásã Æ � ß ° 4 µ 4@A ßòÆ � á	ã � ÆMß ° 4 µ 4 C ßòÆ � ásã �w� ß° 4 ´ 4 � ßòÆ � ásã ÆwÆMß ° 4 ´ 4 ´ ßÛÆ � ásã Æ � ß ° 4 ´ 4 B ßòÆ � á	ã � ÆMß ° 4 ´ 4ED ßòÆ � ásã �w� ß° 4:A84 � ß � Æ ásã ÆwÆMß ° 4@A84 µ ß � Æ ásã Æ � ß ° 4:A84@A ß � Æ á	ã � ÆMß ° 4@A84 C ß � Æ ásã �w� ß° 4EB�4 � ß � Æ ásã ÆwÆMß ° 4>B�4 ´ ß � Æ ásã Æ � ß ° 4EB�4>B ß � Æ á	ã � ÆMß ° 4>B�4 D ß � Æ ásã �w� ß° 4 C 4 � ß �d� ásã ÆwÆMß ° 4 C 4 µ ß �w� ásã Æ � ß ° 4 C 4@A ß �d� á	ã � ÆMß ° 4 C 4 C ß �w� ásã �w� ß° 4 D 4 � ß �d� ásã ÆwÆMß ° 4 D 4 ´ ß �w� ásã Æ � ß ° 4 D 4>B ß �d� á	ã � ÆMß ° 4 D 4 D ß �w� ásã �w� ß ¤
(4.29)

which in our chosenbasis(cf. eqn(4.12),(4.13))canbewrittenasa
� ó � matrix

ºFç �
-........
/

§ 4 � 4 � ° 4 � 4 � © § 4 � 4 µ ° 4 � 4 ´ © § 4 � 4@A ° 4 � 4>B © § 4 � 4 C ° 4 � 4 D ©§ 4 � 4 µ ° 4 � 4 ´ © § 4 µ 4 µ ° 4 ´ 4 ´ © § 4 µ 4@A ° 4 ´ 4>B © § 4 µ 4 C ° 4 ´ 4 D ©§ 4 � 4 A ° 4 � 4 B © § 4 µ 4 A ° 4 ´ 4 B © § 4 A 4 A ° 4 B 4 B © § 4 A 4:C ° 4 B 4ED ©§ 4 � 4:C ° 4 � 4>D © § 4 µ 4:C ° 4 ´ 4ED © § 4 A 4@C ° 4 B 4>D © § 4:CF4:C ° 4>D84ED ©

0211111111
3
¤ (4.30)
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Similarly, eqn(4.19)canbewritten as

º ¦ � äXå ç § ºFç ¦ © �� � ? § ã ��ß § 4 � 4 � ßÛÆwÆwÆ ásã ÆwÆwÆMß ° 4 � 4 � ßÛÆwÆwÆ ásã ÆwÆ � ß ° ¤Y¤o¤ ° 4 D 4 D ß �w�w� ásã �w�w� ß © ß�� á ©� ã �w� ß § 4 � 4 � ßòÆdÆwÆ ásã ÆdÆwÆMß ° 4 � 4 � ßòÆdÆwÆ ásã ÆdÆ � ß ° ¤Y¤o¤ ° 4>D84>D ß �w�d� á	ã �w�d� ß © ß �d� á° ã � Æ;ß § 4 � 4 � ßòÆwÆdÆ á	ã ÆwÆdÆ;ß ° 4 � 4 � ßòÆwÆdÆ á	ã ÆwÆ � ß ° ¤o¤Y¤ ° 4 D 4 D ß �w�w� ásã �w�w� ß © ß � Æ á° ã Æ � ß § 4 � 4 � ßòÆwÆdÆ á	ã ÆwÆdÆ;ß ° 4 � 4 � ßòÆwÆdÆ á	ã ÆwÆ � ß ° ¤o¤Y¤ ° 4 D 4 D ß �w�w� ásã �w�w� ß © ßòÆ � á° ã ÆdÆ;ß § 4 � 4 � ßòÆwÆdÆ á	ã ÆwÆdÆ;ß ° 4 � 4 � ßòÆwÆdÆ á	ã ÆwÆ � ß ° ¤o¤Y¤ ° 4 D 4 D ß �w�w� ásã �w�w� ß © ßòÆwÆ á� 4 � 4 � ßÛÆ ásã Æ;ß ° 4 � 4 � ßÛÆ á	ã � ß ° 4 � 4 � ß � ásã � ß ° 4 � 4 � ß � á	ã Æ;ß° 4 µ 4 µ ßÛÆ ásã Æ;ß ° 4 µ 4 ´ ßÛÆ á	ã � ß ° 4 ´ 4 ´ ß � ásã � ß ° 4 ´ 4 µ ß � á	ã Æ;ß° 4:A84@A ßÛÆ ásã Æ;ß ° 4@A84EB ßÛÆ á	ã � ß ° 4EBG4EB ß � ásã � ß ° 4>B84:A ß � á	ã Æ;ß° 4 C 4 C ßÛÆ ásã Æ;ß ° 4 C 4 D ßÛÆ á	ã � ß ° 4 D 4 D ß � ásã � ß ° 4 D 4 C ß � á	ã Æ;ß �
(4.31)

with matrix representation

º ¦7� -..
/
§ 4 �� ° 4 �µ ° 4 �A ° 4 �C © § 4 � 4 � ° 4 µ 4 ´ ° 4@A84EB ° 4 C 4 D ©
§ 4 � 4 � ° 4 ´ 4 µ ° 4 B 4 A ° 4>D84@C © § 4 �� ° 4 �´ ° 4 �B ° 4 �B ©

0 11
3 ¤ (4.32)

Alreadyfor thissimplesystemof only threeparticles,theresultingsumthatneedsto becarried
out in orderto calculatethe reduceddensitymatriceslookssurprisinglyheavy. However, the
readermighthavenoticedthatthefinal stepin equations(4.29)and(4.31)suggestssomesortof
“summationrule” for knowing whichentriesin thegroundstatevectorthatshouldbemultiplied
to which “block vector”. Indeed,sucha rule exists,andour next goal is to understandhow it
works. For this simplesystemwith threeparticlesthepatternis not hardto seefrom equation
(4.30)and(4.32). Whenwe traceover oneparticleto get the reducedmatrix for block A, the
entriesin the reduceddensitymatrix areevenandodd pairsof theentriesin the groundstate
vectorwhengroupedtogetherfrom left to right andup to down. This explanationmight not
have madethingsclearer, but a carefulinspectionof theentriesin thereduceddensitymatrices
(eqn(4.30)and(4.32))will helpthereaderunderstandthedetails.However, for largersystems
wherewe needto traceover moreparticles,thingsarenotaseasy.

Whenwe traceover a subsystem,the termsthat are left in the summationare the terms
wherethesubsystemthat is beingtracedover hasthesame“sub-configuration”on bothsides,
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i.e. for boththevectorandtherow. For example,considerthefollowing trace:�= ÄMøvù � ã ��ß6HSßòÆwÆÅ¦ á	ã Æ � ¦�ß ° ßòÆ � ¦ ásã Æ � ¦�ß IMß � á �
� ã Æí¦�ßsûsßòÆdÆí¦ ásã Æ � ¦�ß ° ßòÆ � ¦ ásã Æ � ¦�ß ü ßÛÆí¦ á ° ã � ¦�ßsûsßòÆwÆÅ¦ á	ã Æ � ¦�ß ° ßòÆ � ¦ á	ã Æ � ¦�ß ü ß � ¦ á ���ßÛÆ á	ã Æ;ß � (4.33)

whereonly thesecondterm,for
�7� �

, in thelaststepsurvives.

Similarly, for a systemwith threeparticles,we seefrom the groundstatewritten as in eqn
(5.21)that the termsthat canbemultiplied with eachotherwithout disappearingafter tracing
over block B (cf. fig 5.1) aretheoneswith thesameconfigurationin the third entry (i.e. the
samestatefor particleno. 3). Thus, the productsconsistof odd entriesmultiplied with odd
entriesandevenentriesmultiplied with evenentries.Thepositionsin theresulting

� ó � ma-
trix wheretheseproductsappeararegiven by the correspondingconfigurationsto eachpivot
positionin thegroundstatethatareleft after“tracingout” thethird particle.

Theproductof termsthatsurvive thetracingover thetwo particlesin block A, andwhich
givesusthereduceddensitymatrix for blockB, aretheoneswith thesameconfigurationsin the
first two entries(i.e. thestateof thefirst two spins).Theseconfigurationpairsaregivenby pivot
position1 and2, 3 and4, 5 and6 and7 and8. Thepositionsin theresulting

� ó � matrix are
givenby configurationsthatareleft of eachtermafter “tracing out” thefirst two particles.To
seewhichconfigurationpairsthatsurviveafterany tracingoveranarbitrarynumberof particles
it helpsto write a graphover theconfigurationsasis donein fig 4.3.

A carefulinspectionof fig 4.3allows usto constructanequationthattells uswhich entries
in the groundstatevector shouldbe multiplied to which block vector in order to obtain the
reduceddensitymatrices.The following sum,with theblock vectorsA andB, calculatesthe
reduceddensitymatricesfor anarbitrarynumberof particlesandsubsystemconfiguration:

ºFç � � 5� � Ä �
� 5�� Ä"ê8J � 587>K æ3§ � ©�ó æt§ � © � � (4.34)

º ¦7� � K<7@9� L ÄMø Ñ LNM � Ó � 5;7OK�� Ä L Ñ � 5;7OK Ó M �
Ñ LPM � ÓfÑ � 5;7OK Ó�� Ä L Ñ � 587>K Ó M � è § � ©uó è § � © � � (4.35)

where
�

is thenumberof particlesin blockA and 	 is thenumberof particlesin blockB. Here
I have alsousedthenotationthat is usedin matlabwhere� ��Á ,U� ¶ �M�

meansthat j goesfromÁ
in stepsof

� ¶ �M�
. Thevalueof

Á
is givenbyÁ � QR�S �;�

for
§ � © mod

§ì� ¶ �M� © � ��@T �
for

§ � © mod
§ì� ¶ �M� © Ô� � (4.36)
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Figure4.3: A spin graphfor five particles. For eachpivot-position(to the right) therecorre-
spondsa uniqueconfigurationof the spinsfor eachparticle. This configurationcanbe seen
from thefigureby following thelinesfrom thepositionnumberat theright to thethenumbers
to theleft.

Fromthesymmetryof thematricesin eqn(4.30)and(4.32),oneconcludesthat theremustbe
morewaysof calculatingthereduceddensitymatrices.Oneothersuchapproachis to look at
thedensitymatrixfor thewholesystem

æ�è
andseewhichtermsin thereduceddensitymatrices

thatcomesfrom which termsin thetotal densitymatrix. Onewill find simplerulesfor how to
build up the reduceddensitymatricesinvolving sumsof block matricesfrom thetotal density
matrix.

4.4 Nearest-neighborsummationand boundary conditions

Thepointof numberingtheparticlesandnotsimplyorderthemin ”left block” and”right block”,
is becauseof theperiodicboundaryconditionsthatwe use.Our spinchainis actuallya ”spin-
ring”. This is importantwhenwe calculatethematricesthatbuilds up theHamiltonian.These
matricesmustbecalculatedasa sumover interactions.Thenearestneighborinteractionin the
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Hamiltonianis shown whenwe write thesumexplicitly so thata computermayunderstandit
( ¼ is theidentity matrixof dimension2 in thefollowing equation):

U ¶2V ê<W V T L �
¶ � �� � Ä � X

� � �Y �PÄ � ¼
� � ! ¹� � ! ¹� M � �

¶ � Ñ � M � ÓY � Ä � ¼ ��Z ¤ (4.37)

Thissumcanbeunderstoodwith helpfrom thefollowing picture:

Figure4.4: A spinchainof 5 particleswith periodicboundaryconditions.Thebottomconfigu-
rationis not includedin thesumsothis termmustbeaddedexplicitly. Thearrows correspond
to interactionsbetweentheparticles.Block A consistsof particle1,2and3, blockB of particle
4 and5.

The last configurationin figure (4.4) is not includedin the sumabove so we needto addthe
term ! ¹� �

¶ � �Y � Ä � ¼
� � ! ¹¶ (4.38)

explicitly. Now wehavethecompleteformulafor how to calculatetheHamiltonian.If wewere
to addnext nearest-neighbors,wewouldhavethecaseseenin figure(4.5).Here,thesumwould
thenbeof theform U ¶[V ¹ L � ¶ � �� � Ä � X

� Ñ � � � ÓY � Ä � ¼
� � ! ¹� � ¼ � ! ¹� M � � � Ñ

¶ � Ñ � M � ÓYÓY � Ä � ¼ �+Z ¤ (4.39)
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Figure 4.5: A spin chain of 5 particles. Here the last two configurationsneedto be added
explicitly. The arrows correspondto particle pairs with next-nearestcorrelations. Block A
consistsof particle1,2and3, blockB of particle4 and5.

This sumwould missout on the two last configurations.The sumsdefinedin eqn(4.37)and
(4.39)aretheonesI usedin my program.Thesummissedinteractionswereadded”by hand”.

However, thereis a theoreticalproblemwith addingmoreinteractionsthanthe onesbetween
nearestneighbors.Otherinteractionsshouldnot contributeasmuchasthenearestneighborin-
teraction,andthedegreeof interactionis notassimpleasregularforces.Usuallyforcesdecays
asthesquareof thedistance,but thiswouldnotmakesensefor this interactionbecauseof many
reasons[16]:

1) The interactionbetweennext-nearestneighborsis in a way what is ”left of” the interac-
tion betweennearestneighbors.

2) Quantumphysicsdon’t work thesamewayasclassicalphysics.

3) Measuring”how much” entropyis not the sameas labeling ”how much” we have ”left”
of a force.

This areais of a very complex natureand is a bit outsidethe themeof this thesis. For this
reasonI restrictmy calculationsto thecaseof nearest-neighborsinteractions.
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4.5 Expectednumerical problemsfor a finite number of par-
ticles

Whenwe have an infinite numberof particlesthegroundstatecloseto a quantumphasetran-
sitionbecomesinfinitely sensitive to disturbances.For anIsingsystemwithout externaldistur-
bancessuchastemperatureor amagneticfield, thespinsorderthemselvesin thesamedirection,
eitherthey areall up, or they areall down. Having spinspointing in oppositedirectionscosts
energy sincethemagneticfield causedby thespinsthemselveshasto ”fight against”theseir-
regularities. Both cases,whenthe spinsareall up or all down, have thesamelowestenergy.
This meansthat thegroundstatehasequalprobability to bein a statewhereall spinspoint up
asin thestatewhereall pointsdown andthereforewe have anentangledgroundstate[11]. In
a realspinsystemthereis alwayssomedisturbancethat forcesthegroundstateto chooseone
of thesestates.The groundstateis thenno longerentangled,sincethespinsareeitherall up,
or all down. For a systemwith few particlesthesituationis quitedifferent.Herea very small
disturbanceis notenoughto throw away all possibleentanglementbetweentheparticles.

The limitations that follow from exact diagonalizationasa numericalapproachforcesus
to work with a finite numberof particles. A computercannot handlematriceswith infinite
dimensions,soaninfinitely sensitive systemdoesnot comeinto effect. This leavesuswith the
problemof anentangledgroundstate.

Sinceit is of interestto studytherealworld andnot somestrangelaboratoryenvironment,
weneedto addasmalldisturbancein orderto forcethesystemto chooseoneof thetwo possi-
ble groundstates(all spinsup or all spinsdown) soasto avoid entanglementwhenthereis no
transversemagneticfield present.This is doneby addinganextra magneticfield alongthespin
up-alignment,with asufficiently smallmagnitudesothatit will notcompetewith thetransverse
magneticfield. This extra magneticfield is madeto decreaseasthesystemgetscloserto the
critical point in order to get the correctbehavior nearthe critical point. The behavior of the
systemnearthecritical point is whatis of mostimportancefor ourstudy, andwethereforehave
to beverycarefulof how to treatthecritical region.

Addinga smalldisturbanceis doneby addingthefollowing termto theHamiltonian:\ Ò V W L �^]�� � ! ¹� � (4.40)

where
]

is somesmallnumber. In orderto notaffect thecritical behavior with oursmalldistur-
bance,we shouldchoosesomefunction thatswitchesoff this disturbancebeforewe getclose
to thecritical region. My choiceis thefollowing function:]t� ÁÆ �d� § Æ�¥ Vsg_R[a § � ©X© § Æ�¥ sign

§`_ ¥ � ©�© � (4.41)

where
Á

and
_

arevarieddependingonthenumberof particlesin oursystem(
_

is thevaluewhere
we switchoff thedisturbance).This functiongivesa reasonablebehavior of thegraphswith a
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smoothtransitiontowardsthecritical region. Whenthefunctionswitchesoff thedisturbanceit
is alreadycloseto zero.

Anothernumericalissueis thenotoriousproblemof roundoff errors,unavoidablesincea
computerneedsto roundoff in orderto keepall thenumbersin its memory. Theeffectsof this
is thatour resultsareapproximationsto theactualbehavior. In addition,becausethesystemis
finite, thecritical behavior becomessomewhat”damped”.We donotobtainthesamegraphsas
ananalyticalapproachwouldpredictfor thethermodynamicallimit, simplybecauseoursystem
is finite.

Whatmakesour resultsinterestingis thatevenfor a smallnumberof particleswe seethesame
typical behavior aswe would seefor an infinite numberof particlesaspredictedby analytical
theories.Maybewe don’t needto makethingssocomplex in orderto understandcriticality?

4.6 The Ising modelwith a transversemagneticfield

The Ising modelwith a transversefield is the modelwe principally studyin this thesis. It is
a simplemodelwerethespinsonly affect eachothersalignmentalongonedirection. The in-
teractionof thespinsaremodeledby a productof two ! ¹ matricesin theHamiltonianandthe
transversefield is appliedin thex-directionwith magnitude� by theterm � ! " . This modelhas
beenstudiedin the context of both entanglementandstatetransport[20]. It is an intriguing
modelthatis integrablewith theuseof theJordan-Wignertransformation[4], whereinteracting
spinsaretransformedinto noninteractingspinlessfermions. By usingthis transformationthe
Hamiltoniancanbe transformedinto a new onethat canbediagonalizedfor systemswith an
infinite numberof particles[4]. Thismodelhasbeenfoundrelevantto many physicalsystems,
andoneof themostimportantfeaturesof this modelis theapplicationto quantumphasetran-
sitionsseparatingferromagneticandparamagneticphasesat zerotemperature.Sincethis is the
main topic of this thesis,this modelis of particularimportance.Theadvantageof this model
comparedto othermodelsis its simplicity. TheHamiltonianis givenby

· � ¶� a � ù �cb (�§ !
¹� ! ¹� ° � ! "� © ¤ (4.42)

Here,
(

is a local exchangecouplingstrength,� is theintensityof theexternaltransversalfield
andthesumis over nearestneighbors.For �ed Æ

, thesystemis in a ferromagneticphasewith
a nonzeroexpectationvalueof the

� ¹
componentof thetotal spin,while for � ÞLÆ

thesystem
is paramagneticwith vanishing

� ¹
spinexpectationvalue,thepoint � � Æ

beingthequantum
critical point. This might be understoodfrom the fact that at � � Æ

the interactionstrength
betweentwo spinsis equalto thecouplingto theexternaltransversemagneticfield.
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4.7 The XY modelwith a transversemagneticfield

Theotherimportantmodelfor thisthesisis theXY model.TheXY Hamiltonianallowsspinsto
interactwith eachotherthroughthe2-dimensionalxy-plane.Theadvantagewith thisextension
from the Ising model is that it modelsa real spin systemin a moreaccurateway. In reality
spinsinteractwith eachotherin threedimensions,sothis Hamiltonianis naturallya bit closer
to thetruth. Thedisadvantageis theaddedcomplexity. We want to understandcriticality, not
chaostheory! The luxury of a modelthatmodelsreality in a closerway comesat thecostof
the addedcomplexity in understandingthe results. The heartof criticality might not needa
complex modelin orderto beunderstood.Thenagain,it just might.

TheXY Hamiltonianis givenby· � ¶� a � ù �cb (�§ Æ °�f� ! ¹� ! ¹� ° Æ�¥ f� !#g� !#g� ° � ! "� © ¤ (4.43)

It is easyto seethatwhen f � Æ
theXY modelreducesto theIsing model. This Hamiltonian

produces3-dimensionalgraphswith theentropyplottedagainstboththemagnitudeof theex-
ternalmagneticfield � andtheparameterf . It shouldbementionedthatwhen f equalszero,
wenoticethatthex andy interactionscontributethesameamountto theHamiltonian.For this
case,wheref � �

, theHamiltonianis calledtheHamiltonian.
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Chapter 5

Results

For a systemof
È

spin- �� particles,thenumberof differentspinconfigurationsis equalto
� ¶

.
Thismeansthatthedimensionof thestatespacedoublesfor eachparticleweaddto thesystem
andaccordinglythe matricesgrow quadratically. For any computer, this is a major problem
asthe matricesbecomehuge. The computerneedsto diagonalizethematrix representingthe
Hamiltonianfor themodelswe use,that is, calculatingtheeigenvectorsandeigenvalues.This
is thetime consumingpartof thecalculations.Although it shouldbepossibleto calculatethe
entropyfor any numberof particleswith theprogramI have written, a normalhomecomputer
canonly handleup to eleven particlesfor the Ising modelandonly ten particlesfor the XY
Hamiltonian. If we would try to calculatethe entropybehavior for even more particlesthe
calculationswould takedays.Turningto my results,whatis particularlyinterestingis how fast
thecritical valueof theexternalmagneticfield closesin on �ih �ÀÆ

(which is theexactresultin
thethermodynamicallimit) asoneincreasesthenumberof particles.

In otherwords,the exact diagonalizationmethodseemsto be a fair approximationto the
casewith aninfinite numberof particles,for a systemof only eightparticles.Onecanpredict
thebehavior of systemswith aninfinite numberof particlesby lookingathow thegraphsevolve
for eachaddedparticle. The notoriousproblemwith calculatingthe resultingmatrix for the
Hamiltonianby using a mathematicalprogramlike MATLAB is the round off errorsmade
whenit diagonalizestheHamiltonianin orderto calculatethegroundstatevector. Becauseof
this, our valuesfor theentropynearthecritical valueof � arenot exact,andthepeakstendto
geta bit smoothedout. However, alreadyfor tenparticles,we seea precursorof anexpected
sharppeakcloseto theanalyticalvalueof thecritical externaltransversefield.

5.1 The Ising model

For thismodelmy programcancalculateupto tenparticlesonanormalhomecomputerwithout
having to wait for too long. On my computer, a Pentium4with a2.4GHzprocessorand256mb
RAM, thevon Neumannentropyfor 8, 9, 10 and11 particlestakesapproximately40 seconds,

41
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2 minutes,20 minutesand136minutes,respectively, to plot. The time it usesto calculatethe
graphsgrows rapidly, sowe shouldnot have high hopesof beingableto calculatetheentropy
for systemswith many moreparticlesthan,say, 15-20particleson a supercomputer. However,
time may not be the only factor here,sincemy computerwill not even begin to calculate12
particles.I suspectthereto besomefundamentalnumericalproblemwhenthematricesbecome
toobig. TheprogramI usedfor calculatingis MATLAB, sinceit is known for handlingmatrix
operationsvery well. Therefore,I don’t think it would help to usesomeothermathematical
program.ThepossiblesolutionsthatI seeis to useamoreeffectivealgorithmfor diagonalizing
hugematrices,or to takeadvantageof thefact that thematricesthatsumup thematrix for the
Hamiltonianareverysparse.Also, it maybepossibleto usethesymmetryof thematrix for the
Hamiltonianor thematricesin my programthat sumup theHamiltonian. Exactlyhow to go
aboutfor solvingthis problemwould takea lot of timeandI don’t think thatit wouldbea very
fulfilling taskfor acreativemindsincetheresultswegetalreadyfrom 10particlesaresufficient
to reveal a distinct pattern. The only outcomeof sucha researchwould be to be able to add
oneor a few moreparticles,andthatwould not significantlyenhanceour understandingof the
problem.
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Figure5.1: A graphover thevon Neumannentropyfor 3, 4, and5 particles.Herewe seethat
for few particlesthecritical valueof theexternalmagneticfield g goesfrom 0.3 for 3 particles
to 0.5and0.6 for 4 and5 particlesrespectively. Thepeaksaresmooth.

For threeparticleswe find themaximumof theentropyaroundthevalueof 0.3 for theexternal
magneticfield, which is quite far away from theexpectedvalueof ��h � Æ

. However, this can
be explained. For a few numberof particlesthe correlations,the entanglement,betweenthe
particlesarefew, themagnitudeby which theentanglement“glues” thesystemtogetheris not
aspowerful asfor a systemwith moreparticles.Therefore,an externaldisturbancesuchasa
magneticfield affectsthe systemmorethanit would do for a systemin a strongerentangled
’bind”, andthecritical valueof � is lower thantheexpectedvaluefor a systemwith aninfinite
numberof particles.
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In thiscontext, let usrecallthatthedefinitionof thevonNeumannentropycanbecompared
with theclassicalanalogueof theShannonentropy. If we look at thederivationof theShannon
entropy, we noticethat it makesuseof theStirling approximation.TheStirling approximation
is not a very goodapproximationfor a smallnumberof lettersin themessage.Thenumberof
lettersin themessageshouldbea very big numberin orderfor theapproximationto bea good
one,andfor threeparticles,thecorrespondingnumberof lettersis only

� µ �kj
for our model.

However, this possibleweaknessof thevon Neumanndefinitiondoesnotseemto bevery seri-
ouswhenmeasuringentanglement,asourexamplewith theEPR-pairin chapterfour showsus.
Thereasonfor thismight bethefact thatthevon Neumanndefinitionof entropydoesnotneed
to bederiveddirectly from theShannonentropy, ascanbeseenin section3.3. However, it is
interestingto keepthisanalogyin mindandseewhatwouldhappenif wechangedthedefinition
of thevonNeumannentropy.

From the derivation of the Shannonentropy, we seethat the endresult, the definition of the
Shannonentropyis for an alphabetof

È
differentletters. For our models,we have a simpler

situationwhereour alphabetwouldcorrespondto a binaryone,i.e. we only have two different
letters.A directcomparisonof theShannonentropyandthevon Neumannentropywouldnow
giveusthefollowing definition:·H§ º © ��¥ ¬ å § º hY]dx º ° § ¼ ¥ º © ho]wxU§ ¼ ¥ º ©�© (5.1)

I testedthis definitionout of curiosity, andit turnsout that it producesthesamegraphs(after
dividing thetotal entropywith two)! Thismaybeunderstoodby knowing thatthemaximumof
theentropyis takenwhenthereduceddensitymatricesaremultiplesof theidentity matrix,and
thisexperimentaldefinitiondoesnotchangethissinceweonly affectthemultiple,notthestruc-
tureof thedensitymatrix. From this experimentI concludedthatalthoughthevon Neumann
definitionis a goodone,it might not betheonly goodonesincewe candefinenew definitions
that alsodisplay the samemaximaandminima for the entropy. The reasonwhy this experi-
mentaldefinition that I tried is not asgoodasthe von Neumanndefinition, is that the graphs
areidenticalexceptfor this factorof two, andwe wantthemaximumvalueof theentropyto be
one,not two.

Whenwe addmoreparticlesto the systemthe graphsstart to look more like the known an-
alytical solutionfor aninfinite numberof particles[21]. Alreadyfor 8 particlesthepeakof the
graphis foundcloseto thecritical valueof ��h �9Æ

andit is quitesharp.Thepeakswouldbeeven
sharperif theapplieddisturbancecouldbebetteradjustedwithout ruining thebehavior of the
graphsasawhole.Without thisdisturbancethemaximumof theentropyis foundin theground
statewherewehaveamaximallyentangledstatebetweenthetwo possibleconfigurationsof all
spins”up” andall spins”down”, andit staysin amaximallyentangledstateuntil thetransverse
field is strongenoughto ruin this entanglement.In order to know the ”correct” valueof the
critical valuefor eachnumberof particles,I switchedoff this disturbanceandlookedat where
theentropyleft its maximum.
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WhenI pressmy computerfor all its worth, I canplot the graphfor the systemwith eleven
particles. In order to makeit moreaccuratein the neighborhoodof the critical value,I have
concentratedtheplot pointsaroundthepeak.Therefore,the“tail” is not includedin thefigure.
This “tail” is not of interest,sinceit follows thesamebehavior asthe“tails” in thegraphsfor
thesystemswith fewerparticles.Thiscanbeseenin figure5.4.
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Figure5.2: Thevon Neumannentropyfor systemswith 6, 7 and8 particles,from left to right.
Herewe seethatthegraphsareclosingin rapidly on thecritical expectedvalueof � h �ÀÆ

. For
six particleswe have the valueof 0.7, for seven 0.8 andfor eight particlesthe valueis 0.87.
We canalsoseethatthecritical valueof theexternalmagneticfield � wheretheentropyhasits
maximumclosesin on ��h � Æ

with a ratethatdecreasesfor eachaddedparticle. This is good
sincewe do not want thecritical valueto begreaterthanone. Furthermore,the top is getting
sharperasweaddmoreparticlesto thesystem,asis to beexpected.

In figure5.5weseehow thedifferencebetweenthecalculatedcritical valueof � andtheanalyt-
ical critical valueof � for a systemwith aninfinite numberof particlegetsmallerandsmaller
for eachaddedparticleto oursystem.

In conclusion,the methodof exact diagonalizationseemsto be a good approximation1 for
calculatingtheentropyfor systemswith few particles.This methodalsodisplaysprecursorof
critical behavior for thesesimplesystemswith few particles,somethingthatmight beusedin
order to pinpoint andstudyquantumphasetransitions. We canguesshow the graphswould
look if we wereableto addaninfinite numberof particlesto thesystem,andthis guesscorre-
spondsto theresultsof theanalyticalapproachinvolving majorizationandanexactsolutionvia
Jordan-Wignertransformations(seechapter5) [4].

1It is not really anapproximation,but dueto numericalroundoff errorsandthenecessityof anapplieddistur-
banceto avoid anentangledgroundstate,it becomesone.
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Figure5.3: ThevonNeumannentropyfor systemswith 9,10and11particles,from left to right.
For nineparticleswe have thevalueof 0.90, for ten0.95andfor elevenparticlesthevalueis
0.98. We seea precursorof the analyticallyexpectedsharppeak. This peakwould be even
sharperif onewouldbeableto find anevenbetterfunctionfor theapplieddisturbance

\ Ò V W L .
5.2 Magnetization

At thevalueof � wherethemagnetizationdrasticallychangesandthesystemgoesfrom being
ferromagneticto paramagneticwehaveaquantumphasetransition.Wherethephasetransition
occur the magnetizationshouldbe zero. In my graphsthis occursroughly aroundthe same
pointaswheretheentropyhasits maximum.

However, the problemwith addinga disturbancein order to avoid an entangledgroundstate
is that the behavior of the magnetizationgetsaffected,and if we look at the graphover the
magnetization(cf. fig 5.7) we canseea strangebehavior whenthe magnetizationis closeto
zero,i.e. at the quantumcritical point. The disturbancethat we addis an externalmagnetic
field appliedin the directionof the z-axis,which is thesameaxis astheonewe measureour
magnetization.Becauseof this,theresultswegetfor themagnetizationis not to betrustednear
thecritical value � �ÇÆ

.
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Figure5.4:ThevonNeumannentropyfor systemsrangingfrom threeparticles(leftmostgraph)
to tenparticles(rightmostgraph). As we addmoreparticlesto thesystem,we seea tendency
of thegraphsto have a sharperpeak,wherethepeakis closerto theexpectedanalyticalvalue
of 1.0 for theexternalmagneticfield � .

In conclusion,we have a quantumphasetransitionneara critical valueof the intensityof the
externaltransversefield. This critical valueclosesin rapidly on unity aswe addmoreparticles
to thesystem,andfor elevenparticles,it is � � � ¤ml � .
5.3 The XY Hamiltonian

A numericalstudyof theXY Hamiltonianrequiresa largereffort: thereis now onemorepara-
meterf thatcanbetuned(cf. eqn(4.43)).In my programeachplot for this modelcorresponds
to 11 plots for the Ising model,as this numberof plots is the largestthat my computercan
handlein orderfor MATLAB to usethe”mesh-function”for theresultingmatrix. In thismodel
thegoundstateis entangledfor �ndo� h , evenfor

� Õ Ö
[19]. Adding a disturbancewithout

rueningthebehavior of ourgraphswill beamorecomplex problemfor this model.Our graphs
might not be very accuratefor the top left cornerin the figures,andaswe shall see,we have
somestrangeirregularitiesonthesurface.However, theresultfor tenparticleslooksOK, where
thegraphis quitesmoothandtheirregularitiesaresmall.

Interestingto noteis thatthecriticality occursfor differentvaluesof g thanin theIsing model.
For f Õ �

thecritical behavior occursfor lower valuesof � , andascanbeseen,when f � �
,

whenthe XY model reducesto the XX model,we find critical behavior for � closeto zero.
How this criticality developsfrom threeto ten particlesis also interesting,andwe canseea
wave-like behavior for the entropythat diminishesaswe addmoreparticles. This wave-like
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Figure5.5: A graphover thedifference(y-axis)betweenthecalculatedcritical valueof � and
theanalyticalcritical value � �àÆ

, for systemswith
È

numberof particles(x-axis). We seea
behavior wherethedistancetendsto zeroandthecritical valueof � doesnotseemto evercross
theanalyticalvalueof unity.

behavior, these“dips” in our surface,might beexplainedwith themixing betweensingletand
triplet states,andhighermultiplet states[14].
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Figure 5.6: Here we seethe magnetizationfor systemswith 3, 4, 5, 6, 7, 8, 9, 10 and 11
particles,from left to right. Whenthemagnetizationis closeto zerowe seea strangebehavior
dueto numericalproblemswith addingthedisturbance

\ Ò V W L .
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Figure5.7: Herewe seethe von Neumannentropy(blue)andthemagnetization(yellow) for
systemswith 3, 4, 5, 6, 7, 8, 9, 10and11 particles,from left to right.
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Figure5.8: Theentropy(thegraphswith amaximumcloseto � ��Æ
) andthemagnetization(the

graphswith a minimumcloseto � �ÏÆ
) for systemswith 10and11particles,from left to right.

Thesystembehavesvery closeto thecasewith aninfinite numberof particles.Becauseof the
numericalproblemwith addinga disturbance

\ Ò V W L , theactualzerovalueof themagnetization
is found at aboutthe samevaluefor � aswherethe entropyhasits maximum. Oneexpects
thebehavior nearthezerovalueof themagnetizationto bea little moresmooth,with a more
long-lived“tail”, thanthegraphsshows us.
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Figure5.9: ThevonNeumannentropyfor theXY modelfor systemswith 3, 4, and5 particles.
Thefront mostaxis is the � -axis (x-axis), they-axis is thevalueof f from f �QÆ

asclosestto
us to f � �

. The front mostpartof thesurfaceis the Ising model,thepart of thesurfacethat
is furthestaway from us in thefigureplots theXX model. Herewe seethestrangewave-like
behavior of theentropyasweaddmoreparticles.

Figure5.10:ThevonNeumannentropyfor theXY modelfor systemswith 6,7, and8 particles.
Thefront mostaxis is the � -axis (x-axis), they-axis is thevalueof f from f �QÆ

asclosestto
usto f � �

. Thefront mostpartof thesurfaceis theIsingmodel,thepartof thesurfacethatis
furthestaway from usplotstheXX model.The”dips” aresmootherthanfor fewerparticlesas
canbecomparedwith thepreviousplots.

Figure5.11: Thevon Neumannentropyfor theXY modelfor systemswith 8, 9, and10 parti-
cles.Thefront mostaxisis the � -axis(x-axis),they-axisis thevalueof f from f �ÏÆ

asclosest
to us to f � �

. The front mostpart of the surfaceis the Ising model,thepart of the surface
thatis furthestaway from usplotstheXX model.Thetop left cornerof thegraphsis ”pushed”
upwardsandthestrangewave-like behavior is diminishingandour surfacestartsto look more
smooth.
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Figure5.12: Thevon Neumannentropyfor theXY modelfor tenparticles.Thetop left graph
is madewith the”waterfall”-function in MATLAB, thetop right andthebottomleft graphsare
madewith the”mesh”-function.Thebottomright graphis acontourplot.
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Figure5.13:A contourplot of thevonNeumannentropyfor theXY modelfor systemswith 3,
4, and5 particles.Thex-axis is the � -axis (x-axis), they-axis is thevalueof f from f � Æ

tof � �
.

Figure5.14:Sameasfig 5.13,now with 6, 7 and8 particles.

Figure5.15:Sameasfig 5.13,now with 8, 9 and10 particles.



Appendix A

A.1 The MATLAB program for the Ising model
disp(’ ’)
disp(’ ***********************************************’)
disp(’ * WELCOME *’)
disp(’ * to my von Neumann entropy of entanglement *’)
disp(’ * for the Ising model calculating program! *’)
disp(’ * *’)
disp(’ ***********************************************’)
disp(’ ’)
clf
clear all
u=input(’How many graphs do you want to plot?: ’);
for p=1:u
n=input(’Number of spinparticles?: ’);
if n==3

plotp=60;
off=0.31;
intensity=0.0002;
min=0.001;
max=2;

elseif n==4
plotp=60;
off=0.5;
intensity=0.00035;
min=0.001;
max=2;

elseif n==5
plotp=50;
off=0.7;
intensity=0.0005;
min=0.18;
max=2;

elseif n==6
plotp=40;
off=0.8;
intensity=0.0008;
min=0.3;
max=2;

elseif n==7
plotp =35;
off=0.88;
intensity=0.0009;
min=0.34;

53
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max=1.65;
elseif n==8

plotp=25;
off=0.95;
intensity=0.0013;
min=0.43;
max=1.6;

elseif n==9
plotp=25;
off=0.95;
intensity=0.002;
min=0.49;
max=1.3;

elseif n==10
plotp=26;
off=0.99;
intensity=0.0028;
min=0.5;
max=1.2;

else plotp=20;
off=0.99;
intensity=0.003;
min=0.5;
max=1.2;

end
k=input(’How many of those spinparticles are in the largest block?: ’);
tic
J=1;
sigmaX=[0 1;1 0];
sigmaY=[0 -i;i 0];
sigmaZ=[1 0;0 -1];
AX=zeros(2ˆn); %These lines below creates the matrices of the form ˜ I*sigmaX*I
for i=1:n
AAX=kron(eye(2ˆ(i-1)),kron(sigmaX,eye(2ˆ(n-i) )));
AX=AAX+AX;
end
AZ=zeros(2ˆn); %These lines below creates the matrices of the form ˜ I*sigmaZ*I
for i=1:n
AAZ=kron(eye(2ˆ(i-1)),kron(sigmaZ,eye(2ˆ(n-i) )));
AZ=AAZ+AZ;
end

%These lines creates the matrices of the
%form ˜ I*sigmaX*sigmaX*I needed for the
%nearest neighbours

BX=zeros(2ˆn);
for i=0:n-2

BBX=kron(kron(eye(2ˆ(i)),sigmaX),kron(sig maX,eye(2ˆ((n- 2)-i))));
BX=BX+BBX;

end
%This line creates the matrix missing in the
%sum above ˜ sigmaX*Iˆ(2ˆ(n-2))*sigmaX:

CX=kron(kron(sigmaX,eye(2ˆ(n-2))),sigmaX);
BX=CX+BX;

%These lines creates the matrices of the
%form ˜ I*sigmaY*sigmaY*I needed for the
%nearest neighbours

BY=zeros(2ˆn);
for i=0:n-2

BBY=kron(kron(eye(2ˆ(i)),sigmaY),kron(sig maY,eye(2ˆ((n- 2)-i))));
BY=BY+BBY;

end
%This line creates the matrix missing in the
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%sum above ˜ sigmaY*Iˆ(2ˆ(n-2))*sigmaY:
CY=kron(kron(sigmaY,eye(2ˆ(n-2))),sigmaY);
BY=CY+BY;

%This loop below generates the spinvectors a[1] to a[n]
%needed to construct the two "blockvectors"
%for each position j in the groundstate vector y(j)

I=eye(2);
for j=1:2ˆn

for i=1:n
if mod(ceil(j/(2ˆ(i-1))),2)==1

eval([’a’,int2str(i),’=I(:,1)’]);
else

eval([’a’,int2str(i),’=I(:,2)’]);
end

end
m=n-k+1;
if k==1 %These rows below constructs the "leftmost" blockvector

b=eval([’a’,num2str(m)]); %from the spinvectors already calculated above
else

b=kron((eval([’a’,num2str(m+1)])),(eval([’a’,num2st r(m)])));
end
while m<n-1

m=m+1;
b=kron((eval([’a’,num2str(m+1)])),b);

end
eval([’A’,int2str(j),’=b’]);
s=n-k;
if s==1 %These rows below constructs the "rightmost blockvector"

c=a1; %from the spinvectors already calculated above
else

c=kron((eval([’a’,num2str(s)])),(eval([’a’,num2str( s-1)])));
end
while s>2

s=s-1;
c=kron(c,(eval([’a’,num2str(s-1)])));

end
eval([’B’,int2str(j),’=c’]);
end

%NowI calculate the groundstate vector and its
%corresponding density matrix in order to
%calculate the entropy and plot it against
%the magnitude of the transversal magnetic field, g.

r=1;
h = waitbar(0,’Please wait...’);
for g=linspace(min,max,plotp);

Hz=abs((1-tanh(g))*(0.99+sign(off-g))*intensity);
%This line below Sums up the matrices calculated
%above to construct the Hamiltonian for the
%1-dimensional XY model which contains both the Ising
%model (gamma=1) and the XX model (gamma = 0).

H=-J*BX-J*(g*AZ+Hz*AX);
[X,D]=eig(H);

y=X(:,1); %The groundstate vector!

Magnetization=(1/n)*y’*AX*y;
%NowI construct the density matrix
%for block A

rhoA=zeros(2ˆk);
for i=1:2ˆn

if mod(i,2ˆ(n-k))==0;
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a=2ˆs;
else a=mod(i,2ˆ(n-k));
end

for j=a:2ˆ(n-k):2ˆn
rhoAA=y(i)*(eval([’A’,int2str(i)]))*y(j)*(e val([’A’,int2 str(j)]))’;
rhoA=rhoA+rhoAA;

end
end

%NowI construct the density matrix
%for block B

rhoB=zeros(2ˆ(n-k));
for t=0:2ˆk-1

for i=t*(2ˆ(n-k))+1:(t+1)*(2ˆ(n-k))
for j=t*(2ˆ(n-k))+1:(t+1)*(2ˆ(n-k))

rhoBB=y(i)*(eval([’B’,int2str(i)]))*y(j)*(eval( [’B’,int2str( j)]))’;
rhoB=rhoB+rhoBB;

end
end

end

SA=-trace((rhoA)*real(logm(rhoA)/log(2))); %Entropy for block "A"
SB=-trace((rhoB)*real(logm(rhoB))/log(2)); %Entropy for block "B"
Entropy=(SA+SB)/2; %Total entropy, taking the medium value of

%SA and SB to neutralize rounding
%errors made by the computer

eval([’S’,num2str(r),’=g’]);
eval([’R’,num2str(r),’=Entropy’]);
S(r,1)=eval([’S’,num2str(r)]);
R(r,1)=eval([’R’,num2str(r)]);
eval([’M’,num2str(r),’=Magnetization’]);
M(r,1)=eval([’M’,num2str(r)]);
r=r+1;
waitbar(r/plotp,h)
end
close(h)
toc
colordef none
plot(S,R,’b-’)
axis([-0.01,2,0,1])
grid on
hold on
plot(S,M)
grid on
end

A.2 The MATLAB program for the XY model
disp(’ ’)
disp(’ ******************************************* *’)
disp(’ * WELCOME *’)
disp(’ * to my entropy of entanglement for the *’)
disp(’ * XY Hamiltonian calculating program! *’)
disp(’ * *’)
disp(’ ******************************************* *’)
disp(’ ’)
clf
clear all
n=input(’Number of spinparticles?: ’);
if n==3

off=0.31;
intensity=0.0002;
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elseif n==4
off=0.5;
intensity=0.00035;

elseif n==5
off=0.7;
intensity=0.0005;

elseif n==6
off=0.8;
intensity=0.0008;

elseif n==7
off=0.88;
intensity=0.0009;

elseif n==8
off=0.95;
intensity=0.0013;

elseif n==9
off=0.95;
intensity=0.0017;

elseif n==10
off=0.99;
intensity=0.008;

else off=0.99;
intensity=0.01;

end
k=input(’How many of those spinparticles are in the largest block?: ’);
tic
J=1;
sigmaX=[0 1;1 0];
sigmaY=[0 -i;i 0];
sigmaZ=[1 0;0 -1];
AX=zeros(2ˆn); %These lines below creates the matrices of the form ˜ I*sigmaX*I
for i=1:n
AAX=kron(eye(2ˆ(i-1)),kron(sigmaX,eye(2ˆ(n -i))));
AX=AAX+AX;
end
AZ=zeros(2ˆn); %These lines below creates the matrices of the form ˜ I*sigmaZ*I
for i=1:n
AAZ=kron(eye(2ˆ(i-1)),kron(sigmaZ,eye(2ˆ(n -i))));
AZ=AAZ+AZ;
end

%These lines creates the matrices of the
%form ˜ I*sigmaX*sigmaX*I needed for the
%nearest neighbours

BX=zeros(2ˆn);
for i=0:n-2

BBX=kron(kron(eye(2ˆ(i)),sigmaX),kron(sigmaX,eye(2ˆ ((n-2)-i))));
BX=BX+BBX;

end
%This line creates the matrix missing in the
%sum above ˜ sigmaX*Iˆ(2ˆ(n-2))*sigmaX:

CX=kron(kron(sigmaX,eye(2ˆ(n-2))),sigmaX);
BX=CX+BX;

%These lines creates the matrices of the
%form ˜ I*sigmaY*sigmaY*I needed for the
%nearest neighbours

BY=zeros(2ˆn);
for i=0:n-2

BBY=kron(kron(eye(2ˆ(i)),sigmaY),kron(sigmaY,eye(2ˆ ((n-2)-i))));
BY=BY+BBY;

end
%This line creates the matrix missing in the
%sum above ˜ sigmaY*Iˆ(2ˆ(n-2))*sigmaY:
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CY=kron(kron(sigmaY,eye(2ˆ(n-2))),sigmaY);
BY=CY+BY;

%This loop below generates the spinvectors a[1] to a[n]
%needed to construct the two "blockvectors"
%for each position j in the groundstate vector y(j)

I=eye(2);
for j=1:2ˆn

for i=1:n
if mod(ceil(j/(2ˆ(i-1))),2)==1

eval([’a’,int2str(i),’=I(:,1)’]);
else

eval([’a’,int2str(i),’=I(:,2)’]);
end

end
m=n-k+1;
if k==1 %These rows below constructs the "leftmost" blockvector

b=eval([’a’,num2str(m)]); %from the spinvectors already calculated above
else

b=kron((eval([’a’,num2str(m+1)])),(eval([ ’a’,num2str(m) ])));
end
while m<n-1

m=m+1;
b=kron((eval([’a’,num2str(m+1)])),b);

end
eval([’A’,int2str(j),’=b’]);
s=n-k;
if s==1 %These rows below constructs the "rightmost blockvector"

c=a1; %from the spinvectors already calculated above
else

c=kron((eval([’a’,num2str(s)])),(eval([’a ’,num2str(s-1) ])));
end
while s>2

s=s-1;
c=kron(c,(eval([’a’,num2str(s-1)])));

end
eval([’B’,int2str(j),’=c’]);
end

%NowI calculate the groundstate vector and its
%corresponding density matrix in order to
%calculate the entropy and plot it against
%the magnitude of the transversal magnetic field, g.

R=zeros(30,1);
RRR=zeros(10,200);
TTT=zeros(10,30);
rr=1;
h = waitbar(0,’Please wait...’);
for gamma=linspace(0,1,10)
r=1;
for g=linspace(0.001,2,30);

Hz=abs((1-tanh(g))*(0.99+sign(off-g))*int ensity);
%This line below Sums up the matrices calculated
%above to construct the Hamiltonian for the
%1-dimensional XY model which contains both the Ising
%model (gamma=1) and the XX model (gamma = 0).

H=-J*0.5*((1+gamma)*BX+(1-gamma)*BY)-J*(g*AZ+ Hz*AX);
[X,D]=eig(H);

y=X(:,1); %The groundstate vector!
%NowI construct the density matrix
%for block A

rhoA=zeros(2ˆk);
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for i=1:2ˆn
if mod(i,2ˆ(n-k))==0;

a=2ˆs;
else a=mod(i,2ˆ(n-k));
end

for j=a:2ˆ(n-k):2ˆn
rhoAA=y(i)*(eval([’A’,int2str(i)]))*y(j)*(eval([’A’,i nt2str(j)]))’ ;
rhoA=rhoA+rhoAA;

end
end

%NowI construct the density matrix
%for block B

rhoB=zeros(2ˆ(n-k));
for t=0:2ˆk-1

for i=t*(2ˆ(n-k))+1:(t+1)*(2ˆ(n-k))
for j=t*(2ˆ(n-k))+1:(t+1)*(2ˆ(n-k))

rhoBB=y(i)*(eval([’B’,int2str(i)]))*y(j)*(e val([’B’,int2s tr(j)]))’;
rhoB=rhoB+rhoBB;

end
end

end

SA=-trace((rhoA)*real(logm(rhoA)/log(2))); %Entropy for block "A"
SB=-trace((rhoB)*real(logm(rhoB)/log(2))); %Entropy for block "B"
Entropy=(SA+SB)/2; %Total entropy, taking the medium value of

%SA and SB to neutralize rounding
%errors made by the computer

eval([’S’,num2str(r),’=g’]);
eval([’R’,num2str(r),’=Entropy’]);
S(r,1)=eval([’S’,num2str(r)]);
R(r,1)=eval([’R’,num2str(r)]);
r=r+1;
end
RR=interp1(S,R,linspace(0.001,2,200),’cubi c’);
RRR(rr,:)=RR;
TTT(rr,:)=R’;
if rr==10

vv=S
ww=R

end
waitbar(rr/10,h)
rr=rr+1;
end
close(h)
toc
colordef black
colormap(cool)
mesh(TTT)
axis(’ij’)
view(13,64)
axis([0,30,1,11,0,1])
axis off
disp(’Click on the figure to see the graph, then click any key to see a contour plot over the entropy’)
pause
clf
hold off
contourf(TTT)
axis(’ij’)
colormap(cool)
axis off
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