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 Quantum phase transitions 
 

 Anderson localization 
 

 Many-body localization 
 

 Scaling near the MBL transition  



Quantum Phase Transitions 
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Order Parameter 

Order parameter is: 
 

1- Observable 
2- Is zero in one phase and non-zero in the other 
3- Scales at criticality 
 

Landau-Ginzburg paradigm: 
 

4- Order parameter is local 
5- Order parameter is associated with a spontaneous  
     symmetry breaking 
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Anderson localization 
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Regular lattice  

Single particle 
wave function 

Random lattice  

exponential decay 

P. W. Anderson, Phys. Rev. 109, 1492 (1958). 

 Any strength of randomness implies localization 
 

 Localization is a property of the whole spectrum 



Ergodicity vs. localization 
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Thermalization/Equilibration happens in ergodic phases 

Localized phases show no equilibration (many local conserved symmetries) 

Time evolution 

Time evolution 

M. Serbyn, Z. Papic, and D. A. Abanin, Phys. Rev. B 90, 174302 (2014) 
M. Serbyn, Z. Papic, and D. A. Abanin, Phys. Rev. Lett. 111, 127201 (2013) 



Eigenstate thermalization hypothesis 
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 Ψ(0) =   𝑐𝑛 𝐸𝑛 𝑛  ⇒   Ψ(𝑡) =  𝑒−𝑖𝐻𝑡 Ψ(0)  =  𝑐𝑛𝑒−𝑖𝐸𝑛𝑡 𝐸𝑛 𝑛  

Ψ(𝑡) 𝐴 Ψ(𝑡) =  𝑐𝑛𝑐𝑚
∗𝐴𝑚𝑛𝑒−𝑖 𝐸𝑛−𝐸𝑚 𝑡

𝑛,𝑚

 

Where   𝐴𝑚𝑛 = 𝐸𝑚 𝐴 𝐸𝑛  

lim
𝑡→∞

Ψ(𝑡) 𝐴 Ψ(𝑡) =  𝑐𝑛
2𝐴𝑛𝑛

𝑛

 
If Ann is 

independent of n 
lim
𝑡→∞

Ψ(𝑡) 𝐴 Ψ(𝑡) = 𝐴𝑛𝑛 

ETH means that   𝐴𝑛𝑛 = 𝐸𝑛 𝐴 𝐸𝑛     is independent of n.  

Independent of initial state 



Many-body vs. Anderson localization 
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 Anderson localization survives in the presence of interactions 

 Unlike Anderson localization the randomness has to be stronger  
     than a threshold to induce localization. 

hc 
Randomness 

Ergodic Localized 



Many-body vs. Anderson localization 
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Many-body localization 

10 









  

i

z

iiii hJH  1.  hhhi  ,

nE

1nE

1nE

nnn EE  1
 
 1

1

,max

,min




nn

nn
nr





nrr 

 Ergodic phase:  rn has a Gaussian distribution  
      (mean=0:5307) 
 

 Localized phase: rn has a Poisson distribution  

     (mean=0:3863)  

Disorder average: 



Level statistics 
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D. J. Luitz, N. Laorencie, and F. Alet, Phys. Rev. B, 91, 081103 (2015) 



MBL transition 
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 MBL occurs throughout the spectrum 
 
 It can be observed at all temperatures 

D. J. Luitz, N. Laorencie, and F. Alet, Phys. Rev. B, 91, 081103 (2015) 

M. Serbyn, Z. Papic, and D. A. Abanin, Phys. Rev. X 5, 
041047 (2015) 



Scaling 
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Is there scaling at MBL transition? 

Yes, it seems so!! 
















 N
frhh c      ,~

It has been mathematically proved that   2

J. T. Chayes, L. Chayes, D. S. Fisher, and T. Spencer, Phys. Rev. Lett. 57, 2999 (1986). 
 
A. Chandran, C. R. Laumann, and V. Oganesyan, arXiv:1509.04285 



Finite size scaling 
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D. J. Luitz, N. Laorencie, and F. Alet,  
Phys. Rev. B, 91, 081103 (2015) 

Extensive numerical studies end up at               instead of  1~ 2

System sizes are too small to capture right exponents 



Entanglement Spectrum 

Entanglement spectrum: 
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Left side Right side 
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Schmidt decomposition 

Schmidt gap: 



Schmidt gap as an order parameter 
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Schmidt gap as an order parameter 
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Schmidt gap for characterizing MBL 
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J. Gray, S. Bose, A. Bayat, Phys. Rev. B 97, 201105 (2018) 



Schmidt gap 
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Schmidt gap can capture the transition point by its derivative 

J. Gray, S. Bose, A. Bayat, Phys. Rev. B 97, 201105 (2018) 



Finite size scaling for Schmidt gap 
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22.2 

J. Gray, S. Bose, A. Bayat, Phys. Rev. B 97, 201105 (2018) 



Logarithmic Negativity 
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For any density matrix:  is also a density matrix 
T



Length scale 
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



 chh~What is the physical meaning of the length scale?  

Negativity length peaks at the transition  
just as expected for  

J. Gray, S. Bose, A. Bayat, Phys. Rev. B 97, 201105 (2018) 
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Scale Invariance 
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J. Gray, A. Bayat, A. Pal, S. Bose, arXiv:1908.02761 



Normalized Entanglement and Mutual Information   
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Negativity between blocks A and B: 

𝐼𝐴𝐵 = 𝑆 𝜌𝐴 + 𝑆 𝜌𝐵 − 𝑆 𝜌𝐴𝐵  

Mutual information between blocks A and B: 

Entanglement between A and the rest: 𝜀𝐴 = 𝑆 𝜌𝐴  𝜀 𝐴 = 𝜀𝐴/𝑙 

𝜀 𝐴𝐵 = 𝜀𝐴𝐵/𝑙 𝜀𝐴𝐵 

𝐼 𝐴𝐵 = 𝐼𝐴𝐵/𝑙 



Normalized Negativity & Mutual Information 
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Negativity Mutual Information 



Scale invariance 
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Data collapse at the transition 
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At criticality 

Negativity decays exponentially  
 
 
Mutual information decays algebraically 
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Emergence of log(l) scaling 

28 



Summary 

1. Schmidt gap can capture and characterize both: 
 

  Quantum phase transitions (even in the absence of  
          spontaneous symmetry breaking) 
 

 Many-body localization transition 
 

2. Negativity provides a physical picture for the diverging length scale  
    at QPT and MBL transitions.  
 
3. MBL shows scale invariance behaviour in both mutual information  
     and negativity 

29 



References 

30 

 Scale Invariant Entanglement Negativity at the Many-Body Localization Transition 
      J. Gray, A. Bayat, A. Pal, S. Bose 
      arXiv:1908.02761 

 
 

 Many-body Localization Transition: Schmidt Gap, Entanglement Length & Scaling       
      J. Gray, S. Bose,  A. Bayat 
      Phys. Rev. B 97, 201105 (2018) 
 



Postdoc positions are available 
 

www.physqit.com 

31 


