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At the quantum critical point... 

Thermodynamics (impurity contribution)
I. Affleck et al., PRB 52, 9528 (1995)
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Thermodynamics (impurity contribution)
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Thermodynamics (impurity contribution)
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At the quantum critical point... 

Thermodynamics (impurity contribution)

Difficult to study in the lab!

Experimentalists prefer to measure transport properties (like conductance)


Need a well-controlled realization of the two-impurity Kondo model!  
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No transfer of electrons between 1 and 2: 
quantum critical point                     is stable  
against electron-hole symmetry breaking 
and breaking of parity.
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At the quantum critical point... 

Transport 

Chapter 3: The two-impurity Kondo model (TIKM)

control over the RKKY interaction, which in my proposal is generated in the usual way,

by local spin-exchange interaction with a bath of conduction electrons. The setup (Fig.

3.3) consists of two infinite leads that are each coupled to a quantum dot via tunneling

junctions. The two quantum dots are also coupled to a finite, auxiliary electron reservoir.

To understand the low energy behavior of this device, consider first V1 = V2 = 0, i.e. just

V1 V2

VA VA

Lead 1

Lead 1

Lead 2

Lead 2

Auxiliary
reservoir

Figure 3.3: The physical setup I propose. The different V are the tunneling rates

between the dots. The auxiliary reservoir is operated in the Coulomb

blockade regime, where charge transfer between the reservoir and the

leads (and thus also between the two leads) is strongly suppressed.

the two quantum dots with the auxiliary reservoir. If the parameters are set such that

both of the dots as well as the reservoir are in the center of their respective Coulomb

blockade valleys, charge fluctuation between the dots and the reservoir are strongly

suppressed. Virtual transitions however, give rise to local spin exchange interactions

between the electrons on the dots and the electrons in the reservoir. This is precisely

the Kondo interaction, which implies that the two dots, together with the auxiliary elec-

trons, already constitute a full TIKM. However, as long as TA, the Kondo temperature

associated with VA is small compared to the RKKY interaction, TA ≪ K ∼ V 4
A, the

auxiliary reservoir acts as a pure RKKY interaction between the two quantum dots. By

tuning up V1,2 until V1,2 ≫ VA, the TIKM without any charge transfer between the two

leads is obtained.

In the following chapter I continue by examining the critical behavior of the TIKM in

the presence of spin-orbit interactions (for the conduction electrons). The advantage of

the setup which I just described over the “orthodox” TIKM3, lies in the separation of the

conduction electrons responsible for the RKKY interaction from those responsible for

the Kondo screening. This allows me to consider the effect of spin-orbit interactions on

the RKKY interaction and on the Kondo screening separately, before I put everything

together in the end.

3In the TIKM as introduced in the beginning of this chapter (eq. 3.0.2), there are two impurities

located within an infinite sea of conduction electrons.
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Realization in double quantum-dot systems



Nota Bene:

The central dot supports both RKKY and Kondo screening. 

This experiment does not probe quantum criticality.
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Other realizations of the two-impurity Kondo model:

J. Bork et al., Nature. Phys. (2011)
STM – adatom setup



Other realizations of the two-impurity Kondo model:

STM spectra on adatom–adatom setup
A. Spinelli et al., Nature Comm. 6, 10046 (2015)  
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A new vista by probing the 

ground state entanglement:

A. Bayat, S. Bose, P. Sodano, H. J., PRL 109, 066403 (2012) 
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Background: single-impurity Kondo model...
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Kondo screening cloud

P.  W.  Anderson, J. Phys. C (1970)
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Expectation/suggestions from theory...  
recent: J. Park et al., PRL 110, 246603 (2013)


...so far no experimental signal... 

Does the Kondo cloud really exist?

Kondo screening cloud



A. Bayat, P. Sodano, and S. Bose, PRB 81, 064429 (2010)
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Kondo screening cloud

‘Constructive’ approach: 
Think of the screening length 
as an entanglement length!



... How does this play out with the two-impurity Kondo model?
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Entanglement probe! 

Computational method: 

DMRG on a two-impurity Kondo spin chain
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Two-impurity Kondo spin chain
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Traced out spins Traced out spins

• Trace out, compute the negativity between the     

    impurities and the rest of the system


• Define            length beyond which the  

   negativity is smaller than some cutoff 

   (here, = 0.01)
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Kondo-RKKY



1

K(R)� 

K(R)� � 

H = Hkin + JS1 · � + JS2 · � + K(R)S1 · S2

�K ⇧
1
2
(K +

1
K

)

g(P ) =

g ⌃ �̂2(2kF )

⌃ 104 samples

⌅
↵�2

rand(x)� ⌥ ↵�(x)� ⌥ 5⇤ 10�11eVm

g ⌃ O(1)

⇥ = �̂(2kF )

µL

µR

G =
2e2

h

L ⌃ 1µm

L ⌃ 20µm

g

g ⌃ v/2⇧2

⌥ < L

�̂(±2kF )

±2kF

z⇧ ⇧ 2g
�

CK3

z⌃ ⇧ 4K � 2

⇥ = (�̂(2kF ) + �̂(�2kF ))/2

�x⌅

⌦⇤ = ⇤⇤ exp
�
i
�
�[ + ⌅]

⇥
/
�

2�⇧

⌦⌅ = ⇤⌅ exp
�
�i
�
�[ � ⌅]

⇥
/
�

2�⇧

H0 + Hd + Hf + HR

O(�̂2)

�(x) = ↵�(x)�+
⇤

n

�̂(kn)eikxn

⇥⇤⌅(x)=⌦⇤⌅(x)e±ikF x

⇥⌅(x)=⌦⌅(x)e�ikF x

HR = �(x)(z ⇤ k) · �

1

K(R)� 

K(R)� � 

H = Hkin + JS1 · � + JS2 · � + K(R)S1 · S2

�K ⇧
1
2
(K +

1
K

)

g(P ) =

g ⌃ �̂2(2kF )

⌃ 104 samples

⌅
↵�2

rand(x)� ⌥ ↵�(x)� ⌥ 5⇤ 10�11eVm

g ⌃ O(1)

⇥ = �̂(2kF )

µL

µR

G =
2e2

h

L ⌃ 1µm

L ⌃ 20µm

g

g ⌃ v/2⇧2

⌥ < L

�̂(±2kF )

±2kF

z⇧ ⇧ 2g
�

CK3

z⌃ ⇧ 4K � 2

⇥ = (�̂(2kF ) + �̂(�2kF ))/2

�x⌅

⌦⇤ = ⇤⇤ exp
�
i
�
�[ + ⌅]

⇥
/
�

2�⇧

⌦⌅ = ⇤⌅ exp
�
�i
�
�[ � ⌅]

⇥
/
�

2�⇧

H0 + Hd + Hf + HR

O(�̂2)

�(x) = ↵�(x)�+
⇤

n

�̂(kn)eikxn

⇥⇤⌅(x)=⌦⇤⌅(x)e±ikF x

⇥⌅(x)=⌦⌅(x)e�ikF x

HR = �(x)(z ⇤ k) · �

RKKY singletKondo screening

3

HSO = ⇥vac(⌃V ⇤ k) · �

K(R)critical ⌅ 2.2 TK

1

2

K(R)

R

K(R) ⇧ (J2/D) cos(kF R)

TK ⇧ D exp(�1/⇤F J)

K(R) > TK

V

U

Vg

J ⇧ V 2/U

�d

�F

�d+U

Order parameter at the quantum phase transition?

1

T = 0

Simp

log 2

log
⌃
2

⇤

0

TK

T ⇥ ⇤ (Kc �K)2

�⇥ ⇤ v/T ⇥ ⇤ (Kc �K)�2

T

JI ⌅ �⇧

Kc

�E ⇥

�K

�E

⌅(J ⇤, JI) =
1

N � 4

N�

M=4

|S(⇥(M))� S(⇥e�(M � 2))|



1

K(R)� 

K(R)� � 

H = Hkin + JS1 · � + JS2 · � + K(R)S1 · S2

�K ⇧
1
2
(K +

1
K

)

g(P ) =

g ⌃ �̂2(2kF )

⌃ 104 samples

⌅
↵�2

rand(x)� ⌥ ↵�(x)� ⌥ 5⇤ 10�11eVm

g ⌃ O(1)

⇥ = �̂(2kF )

µL

µR

G =
2e2

h

L ⌃ 1µm

L ⌃ 20µm

g

g ⌃ v/2⇧2

⌥ < L

�̂(±2kF )

±2kF

z⇧ ⇧ 2g
�

CK3

z⌃ ⇧ 4K � 2

⇥ = (�̂(2kF ) + �̂(�2kF ))/2

�x⌅

⌦⇤ = ⇤⇤ exp
�
i
�
�[ + ⌅]

⇥
/
�

2�⇧

⌦⌅ = ⇤⌅ exp
�
�i
�
�[ � ⌅]

⇥
/
�

2�⇧

H0 + Hd + Hf + HR

O(�̂2)

�(x) = ↵�(x)�+
⇤

n

�̂(kn)eikxn

⇥⇤⌅(x)=⌦⇤⌅(x)e±ikF x

⇥⌅(x)=⌦⌅(x)e�ikF x

HR = �(x)(z ⇤ k) · �

1

K(R)� 

K(R)� � 

H = Hkin + JS1 · � + JS2 · � + K(R)S1 · S2

�K ⇧
1
2
(K +

1
K

)

g(P ) =

g ⌃ �̂2(2kF )

⌃ 104 samples

⌅
↵�2

rand(x)� ⌥ ↵�(x)� ⌥ 5⇤ 10�11eVm

g ⌃ O(1)

⇥ = �̂(2kF )

µL

µR

G =
2e2

h

L ⌃ 1µm

L ⌃ 20µm

g

g ⌃ v/2⇧2

⌥ < L

�̂(±2kF )

±2kF

z⇧ ⇧ 2g
�

CK3

z⌃ ⇧ 4K � 2

⇥ = (�̂(2kF ) + �̂(�2kF ))/2

�x⌅

⌦⇤ = ⇤⇤ exp
�
i
�
�[ + ⌅]

⇥
/
�

2�⇧

⌦⌅ = ⇤⌅ exp
�
�i
�
�[ � ⌅]

⇥
/
�

2�⇧

H0 + Hd + Hf + HR

O(�̂2)

�(x) = ↵�(x)�+
⇤

n

�̂(kn)eikxn

⇥⇤⌅(x)=⌦⇤⌅(x)e±ikF x

⇥⌅(x)=⌦⌅(x)e�ikF x

HR = �(x)(z ⇤ k) · �

3

HSO = ⇥vac(⌃V ⇤ k) · �

K(R)critical ⌅ 2.2 TK

1

2

K(R)

R

K(R) ⇧ (J2/D) cos(kF R)

TK ⇧ D exp(�1/⇤F J)

K(R) > TK

V

U

Vg

J ⇧ V 2/U

�d

�F

�d+U

Order parameter at the quantum phase transition?

Kondo screening RKKY singlet

Second-order quantum phase transition 

1

Kc

T ⇤ 0

Cimp

T
= � �⇤ TK

(K �Kc)2

N (⇧AB) =
�

i

|ai|� 1, ai eigenvalues of ⇧
TA

AB

Jc
I

1L BL BR

Jc
I = 0.09

J � = 0.4 Jc
I

J �
L = J �

R < 1

Si = JL(ai) + JR(ai) + (�1)iconstant · n(ai)

⌃L ⌃R

H =

⇥
d3r[⌃†(�⌅2/2m)⌃ + JK⇥3(0)⌃†�⌃ · Simp]

H =
vF
2⌅

⇥ ⇥

0
dx (i⌃†

L⌥x⌃L � i⌃†
R⌥x⌃R) + vF⇤⌃

†
L(0)�⌃L(0) · Simp

Hint = ⇤⌃†(0)�⌃(0) · Simp

(JI ⇥ K)

(J � ⇥ ⇤0)

critical exponent

impurity



1

K(R)� 

K(R)� � 

H = Hkin + JS1 · � + JS2 · � + K(R)S1 · S2

�K ⇧
1
2
(K +

1
K

)

g(P ) =

g ⌃ �̂2(2kF )

⌃ 104 samples

⌅
↵�2

rand(x)� ⌥ ↵�(x)� ⌥ 5⇤ 10�11eVm

g ⌃ O(1)

⇥ = �̂(2kF )

µL

µR

G =
2e2

h

L ⌃ 1µm

L ⌃ 20µm

g

g ⌃ v/2⇧2

⌥ < L

�̂(±2kF )

±2kF

z⇧ ⇧ 2g
�

CK3

z⌃ ⇧ 4K � 2

⇥ = (�̂(2kF ) + �̂(�2kF ))/2

�x⌅

⌦⇤ = ⇤⇤ exp
�
i
�
�[ + ⌅]

⇥
/
�

2�⇧

⌦⌅ = ⇤⌅ exp
�
�i
�
�[ � ⌅]

⇥
/
�

2�⇧

H0 + Hd + Hf + HR

O(�̂2)

�(x) = ↵�(x)�+
⇤

n

�̂(kn)eikxn

⇥⇤⌅(x)=⌦⇤⌅(x)e±ikF x

⇥⌅(x)=⌦⌅(x)e�ikF x

HR = �(x)(z ⇤ k) · �

1

K(R)� 

K(R)� � 

H = Hkin + JS1 · � + JS2 · � + K(R)S1 · S2

�K ⇧
1
2
(K +

1
K

)

g(P ) =

g ⌃ �̂2(2kF )

⌃ 104 samples

⌅
↵�2

rand(x)� ⌥ ↵�(x)� ⌥ 5⇤ 10�11eVm

g ⌃ O(1)

⇥ = �̂(2kF )

µL

µR

G =
2e2

h

L ⌃ 1µm

L ⌃ 20µm

g

g ⌃ v/2⇧2

⌥ < L

�̂(±2kF )

±2kF

z⇧ ⇧ 2g
�

CK3

z⌃ ⇧ 4K � 2

⇥ = (�̂(2kF ) + �̂(�2kF ))/2

�x⌅

⌦⇤ = ⇤⇤ exp
�
i
�
�[ + ⌅]

⇥
/
�

2�⇧

⌦⌅ = ⇤⌅ exp
�
�i
�
�[ � ⌅]

⇥
/
�

2�⇧

H0 + Hd + Hf + HR

O(�̂2)

�(x) = ↵�(x)�+
⇤

n

�̂(kn)eikxn

⇥⇤⌅(x)=⌦⇤⌅(x)e±ikF x

⇥⌅(x)=⌦⌅(x)e�ikF x

HR = �(x)(z ⇤ k) · �

3

HSO = ⇥vac(⌃V ⇤ k) · �

K(R)critical ⌅ 2.2 TK

1

2

K(R)

R

K(R) ⇧ (J2/D) cos(kF R)

TK ⇧ D exp(�1/⇤F J)

K(R) > TK

V

U

Vg

J ⇧ V 2/U

�d

�F

�d+U

Order parameter at the quantum phase transition?

Kondo screening RKKY singlet

Second-order quantum phase transition 
1

Simp

log 2

log
⇧
2

⌅

0

JI ⇤ �⌅

⇥E ⇥

⇥K

⇥E

⇧(J �, JI) =
1

N � 4

N�

M=4

|S(⇤(M))� S(⇤e�(M � 2))|

Kc

T ⇤ 0

Cimp

T
= � �⇤ TK

(K �Kc)2

N (⇤AB) =
�

i

|ai|� 1, ai eigenvalues of ⇤
TA

AB

Jc
I

1L BL BR

1

Simp

log 2

log
⇧
2

⌅

0

JI ⇤ �⌅

⇥E ⇥

⇥K

⇥E

⇧(J �, JI) =
1

N � 4

N�

M=4

|S(⇤(M))� S(⇤e�(M � 2))|

Kc

T ⇤ 0

Cimp

T
= � �⇤ TK

(K �Kc)2

N (⇤AB) =
�

i

|ai|� 1, ai eigenvalues of ⇤
TA

AB

Jc
I

1L BL BR

1

Simp

log 2

log
⇧
2

⌅

0

JI ⇤ �⌅

⇥E ⇥

⇥K

⇥E

⇧(J �, JI) =
1

N � 4

N�

M=4

|S(⇤(M))� S(⇤e�(M � 2))|

Kc

T ⇤ 0

Cimp

T
= � �⇤ TK

(K �Kc)2

N (⇤AB) =
�

i

|ai|� 1, ai eigenvalues of ⇤
TA

AB

Jc
I

1L BL BR

1

Simp

log 2

log
⇧
2

⇤

0

TK

T

T �

displaymath

JI ⇤ �⌅

�E ⇥

�K

�E

⌅(J ⇥, JI) =
1

N � 4

N�

M=4

|S(⇥(M))� S(⇥e�(M � 2))|

Kc

T ⇤ 0

1

Simp

log 2

log
⇧
2

⌅

0

TK

T �

T

JI ⇤ �⌅

⇥E ⇥

⇥K

⇥E

⇧(J ⇥, JI) =
1

N � 4

N�

M=4

|S(⇤(M))� S(⇤e�(M � 2))|

Kc

T ⇤ 0

Cimp

T
= � �⇤ TK

(K �Kc)2

impurity

1

2 log 2

T = 0

Simp

log 2

log
⌃
2

⇥

0

TK

T ⇥ ⇤ (Kc �K)2

�⇥ ⇤ v/T ⇥ ⇤ (Kc �K)�2

T

JI ⌅ �⇧

Kc

�E ⇥

�K

�E

1

2 log 2

K = Kc + �K

K ⇧= Kc

K = Kc

T = 0

Simp

log 2

log
⌃
2

⇤

0

TK

T ⇥ ⇥ (Kc �K)2

⇥⇥ ⇥ v/T ⇥ ⇥ (Kc �K)�2

T

JI ⇤ �⌅



1

K(R)� 

K(R)� � 

H = Hkin + JS1 · � + JS2 · � + K(R)S1 · S2

�K ⇧
1
2
(K +

1
K

)

g(P ) =

g ⌃ �̂2(2kF )

⌃ 104 samples

⌅
↵�2

rand(x)� ⌥ ↵�(x)� ⌥ 5⇤ 10�11eVm

g ⌃ O(1)

⇥ = �̂(2kF )

µL

µR

G =
2e2

h

L ⌃ 1µm

L ⌃ 20µm

g

g ⌃ v/2⇧2

⌥ < L

�̂(±2kF )

±2kF

z⇧ ⇧ 2g
�

CK3

z⌃ ⇧ 4K � 2

⇥ = (�̂(2kF ) + �̂(�2kF ))/2

�x⌅

⌦⇤ = ⇤⇤ exp
�
i
�
�[ + ⌅]

⇥
/
�

2�⇧

⌦⌅ = ⇤⌅ exp
�
�i
�
�[ � ⌅]

⇥
/
�

2�⇧

H0 + Hd + Hf + HR

O(�̂2)

�(x) = ↵�(x)�+
⇤

n

�̂(kn)eikxn

⇥⇤⌅(x)=⌦⇤⌅(x)e±ikF x

⇥⌅(x)=⌦⌅(x)e�ikF x

HR = �(x)(z ⇤ k) · �

1

K(R)� 

K(R)� � 

H = Hkin + JS1 · � + JS2 · � + K(R)S1 · S2

�K ⇧
1
2
(K +

1
K

)

g(P ) =

g ⌃ �̂2(2kF )

⌃ 104 samples

⌅
↵�2

rand(x)� ⌥ ↵�(x)� ⌥ 5⇤ 10�11eVm

g ⌃ O(1)

⇥ = �̂(2kF )

µL

µR

G =
2e2

h

L ⌃ 1µm

L ⌃ 20µm

g

g ⌃ v/2⇧2

⌥ < L

�̂(±2kF )

±2kF

z⇧ ⇧ 2g
�

CK3

z⌃ ⇧ 4K � 2

⇥ = (�̂(2kF ) + �̂(�2kF ))/2

�x⌅

⌦⇤ = ⇤⇤ exp
�
i
�
�[ + ⌅]

⇥
/
�

2�⇧

⌦⌅ = ⇤⌅ exp
�
�i
�
�[ � ⌅]

⇥
/
�

2�⇧

H0 + Hd + Hf + HR

O(�̂2)

�(x) = ↵�(x)�+
⇤

n

�̂(kn)eikxn

⇥⇤⌅(x)=⌦⇤⌅(x)e±ikF x

⇥⌅(x)=⌦⌅(x)e�ikF x

HR = �(x)(z ⇤ k) · �

3

HSO = ⇥vac(⌃V ⇤ k) · �

K(R)critical ⌅ 2.2 TK

1

2

K(R)

R

K(R) ⇧ (J2/D) cos(kF R)

TK ⇧ D exp(�1/⇤F J)

K(R) > TK

V

U

Vg

J ⇧ V 2/U

�d

�F

�d+U

Order parameter at the quantum phase transition?

Kondo screening RKKY singlet

Second-order quantum phase transition 
1

Simp

log 2

log
⇧
2

⌅

0

JI ⇤ �⌅

⇥E ⇥

⇥K

⇥E

⇧(J �, JI) =
1

N � 4

N�

M=4

|S(⇤(M))� S(⇤e�(M � 2))|

Kc

T ⇤ 0

Cimp

T
= � �⇤ TK

(K �Kc)2

N (⇤AB) =
�

i

|ai|� 1, ai eigenvalues of ⇤
TA

AB

Jc
I

1L BL BR

1

Simp

log 2

log
⇧
2

⌅

0

JI ⇤ �⌅

⇥E ⇥

⇥K

⇥E

⇧(J �, JI) =
1

N � 4

N�

M=4

|S(⇤(M))� S(⇤e�(M � 2))|

Kc

T ⇤ 0

Cimp

T
= � �⇤ TK

(K �Kc)2

N (⇤AB) =
�

i

|ai|� 1, ai eigenvalues of ⇤
TA

AB

Jc
I

1L BL BR

1

Simp

log 2

log
⇧
2

⌅

0

JI ⇤ �⌅

⇥E ⇥

⇥K

⇥E

⇧(J �, JI) =
1

N � 4

N�

M=4

|S(⇤(M))� S(⇤e�(M � 2))|

Kc

T ⇤ 0

Cimp

T
= � �⇤ TK

(K �Kc)2

N (⇤AB) =
�

i

|ai|� 1, ai eigenvalues of ⇤
TA

AB

Jc
I

1L BL BR

1

Simp

log 2

log
⇧
2

⇤

0

TK

T

T �

displaymath

JI ⇤ �⌅

�E ⇥

�K

�E

⌅(J ⇥, JI) =
1

N � 4

N�

M=4

|S(⇥(M))� S(⇥e�(M � 2))|

Kc

T ⇤ 0

1

Simp

log 2

log
⇧
2

⌅

0

TK

T �

T

JI ⇤ �⌅

⇥E ⇥

⇥K

⇥E

⇧(J ⇥, JI) =
1

N � 4

N�

M=4

|S(⇤(M))� S(⇤e�(M � 2))|

Kc

T ⇤ 0

Cimp

T
= � �⇤ TK

(K �Kc)2

impurity

1

2 log 2

K = Kc + �K

K ⇧= Kc

K = Kc

T = 0

Simp

log 2

log
⌃
2

⇤

0

TK

T ⇥ ⇥ (Kc �K)2

⇥⇥ ⇥ v/T ⇥ ⇥ (Kc �K)�2

T

JI ⇤ �⌅

1

Simp

log 2

log
⌃
2

⌅

0

TK

T � ⇤ (Kc �K)2

T

JI ⌅ �⇧

⇥E ⇥

⇥K

⇥E

⇧(J ⇥, JI) =
1

N � 4

N�

M=4

|S(⇤(M))� S(⇤e�(M � 2))|

Kc

T ⌅ 0

Cimp

T
= � �⌅ TK

(K �Kc)2

1

2 log 2

T = 0

Simp

log 2

log
⌃
2

⇥

0

TK

T ⇥ ⇤ (Kc �K)2

�⇥ ⇤ v/T ⇥ ⇤ (Kc �K)�2

T

JI ⌅ �⇧

Kc

�E ⇥

�K

�E



1

K(R)� 

K(R)� � 

H = Hkin + JS1 · � + JS2 · � + K(R)S1 · S2

�K ⇧
1
2
(K +

1
K

)

g(P ) =

g ⌃ �̂2(2kF )

⌃ 104 samples

⌅
↵�2

rand(x)� ⌥ ↵�(x)� ⌥ 5⇤ 10�11eVm

g ⌃ O(1)

⇥ = �̂(2kF )

µL

µR

G =
2e2

h

L ⌃ 1µm

L ⌃ 20µm

g

g ⌃ v/2⇧2

⌥ < L

�̂(±2kF )

±2kF

z⇧ ⇧ 2g
�

CK3

z⌃ ⇧ 4K � 2

⇥ = (�̂(2kF ) + �̂(�2kF ))/2

�x⌅

⌦⇤ = ⇤⇤ exp
�
i
�
�[ + ⌅]

⇥
/
�

2�⇧

⌦⌅ = ⇤⌅ exp
�
�i
�
�[ � ⌅]

⇥
/
�

2�⇧

H0 + Hd + Hf + HR

O(�̂2)

�(x) = ↵�(x)�+
⇤

n

�̂(kn)eikxn

⇥⇤⌅(x)=⌦⇤⌅(x)e±ikF x

⇥⌅(x)=⌦⌅(x)e�ikF x

HR = �(x)(z ⇤ k) · �

1

K(R)� 

K(R)� � 

H = Hkin + JS1 · � + JS2 · � + K(R)S1 · S2

�K ⇧
1
2
(K +

1
K

)

g(P ) =

g ⌃ �̂2(2kF )

⌃ 104 samples

⌅
↵�2

rand(x)� ⌥ ↵�(x)� ⌥ 5⇤ 10�11eVm

g ⌃ O(1)

⇥ = �̂(2kF )

µL

µR

G =
2e2

h

L ⌃ 1µm

L ⌃ 20µm

g

g ⌃ v/2⇧2

⌥ < L

�̂(±2kF )

±2kF

z⇧ ⇧ 2g
�

CK3

z⌃ ⇧ 4K � 2

⇥ = (�̂(2kF ) + �̂(�2kF ))/2

�x⌅

⌦⇤ = ⇤⇤ exp
�
i
�
�[ + ⌅]

⇥
/
�

2�⇧

⌦⌅ = ⇤⌅ exp
�
�i
�
�[ � ⌅]

⇥
/
�

2�⇧

H0 + Hd + Hf + HR

O(�̂2)

�(x) = ↵�(x)�+
⇤

n

�̂(kn)eikxn

⇥⇤⌅(x)=⌦⇤⌅(x)e±ikF x

⇥⌅(x)=⌦⌅(x)e�ikF x

HR = �(x)(z ⇤ k) · �

3

HSO = ⇥vac(⌃V ⇤ k) · �

K(R)critical ⌅ 2.2 TK

1

2

K(R)

R

K(R) ⇧ (J2/D) cos(kF R)

TK ⇧ D exp(�1/⇤F J)

K(R) > TK

V

U

Vg

J ⇧ V 2/U

�d

�F

�d+U

Order parameter at the quantum phase transition?

Kondo screening RKKY singlet

Second-order quantum phase transition 
1

Simp

log 2

log
⇧
2

⌅

0

JI ⇤ �⌅

⇥E ⇥

⇥K

⇥E

⇧(J �, JI) =
1

N � 4

N�

M=4

|S(⇤(M))� S(⇤e�(M � 2))|

Kc

T ⇤ 0

Cimp

T
= � �⇤ TK

(K �Kc)2

N (⇤AB) =
�

i

|ai|� 1, ai eigenvalues of ⇤
TA

AB

Jc
I

1L BL BR

1

Simp

log 2

log
⇧
2

⌅

0

JI ⇤ �⌅

⇥E ⇥

⇥K

⇥E

⇧(J �, JI) =
1

N � 4

N�

M=4

|S(⇤(M))� S(⇤e�(M � 2))|

Kc

T ⇤ 0

Cimp

T
= � �⇤ TK

(K �Kc)2

N (⇤AB) =
�

i

|ai|� 1, ai eigenvalues of ⇤
TA

AB

Jc
I

1L BL BR

1

Simp

log 2

log
⇧
2

⌅

0

JI ⇤ �⌅

⇥E ⇥

⇥K

⇥E

⇧(J �, JI) =
1

N � 4

N�

M=4

|S(⇤(M))� S(⇤e�(M � 2))|

Kc

T ⇤ 0

Cimp

T
= � �⇤ TK

(K �Kc)2

N (⇤AB) =
�

i

|ai|� 1, ai eigenvalues of ⇤
TA

AB

Jc
I

1L BL BR

1

Simp

log 2

log
⇧
2

⌅

0

JI ⇤ �⌅

⇥E ⇥

⇥K

⇥E

⇧(J �, JI) =
1

N � 4

N�

M=4

|S(⇤(M))� S(⇤e�(M � 2))|

Kc

T ⇤ 0

Cimp

T
= � �⇤ TK

(K �Kc)2

N (⇤AB) =
�

i

|ai|� 1, ai eigenvalues of ⇤
TA

AB

Jc
I

1L BL BR

1

Simp

log 2

log
⇧
2

⇤

0

TK

T

T �

displaymath

JI ⇤ �⌅

�E ⇥

�K

�E

⌅(J ⇥, JI) =
1

N � 4

N�

M=4

|S(⇥(M))� S(⇥e�(M � 2))|

Kc

T ⇤ 0

1

Simp

log 2

log
⇧
2

⌅

0

TK

T �

T

JI ⇤ �⌅

⇥E ⇥

⇥K

⇥E

⇧(J ⇥, JI) =
1

N � 4

N�

M=4

|S(⇤(M))� S(⇤e�(M � 2))|

Kc

T ⇤ 0

Cimp

T
= � �⇤ TK

(K �Kc)2

1

Simp

log 2

log
⌃
2

⌅

0

TK

T � ⇤ (Kc �K)2

T

JI ⌅ �⇧

⇥E ⇥

⇥K

⇥E

⇧(J ⇥, JI) =
1

N � 4

N�

M=4

|S(⇤(M))� S(⇤e�(M � 2))|

Kc

T ⌅ 0

Cimp

T
= � �⌅ TK

(K �Kc)2

impurity

I. Affleck et al., PRB (1992)
M. Fabrizio et al., PRL (1995)



1

K(R)� 

K(R)� � 

H = Hkin + JS1 · � + JS2 · � + K(R)S1 · S2

�K ⇧
1
2
(K +

1
K

)

g(P ) =

g ⌃ �̂2(2kF )

⌃ 104 samples

⌅
↵�2

rand(x)� ⌥ ↵�(x)� ⌥ 5⇤ 10�11eVm

g ⌃ O(1)

⇥ = �̂(2kF )

µL

µR

G =
2e2

h

L ⌃ 1µm

L ⌃ 20µm

g

g ⌃ v/2⇧2

⌥ < L

�̂(±2kF )

±2kF

z⇧ ⇧ 2g
�

CK3

z⌃ ⇧ 4K � 2

⇥ = (�̂(2kF ) + �̂(�2kF ))/2

�x⌅

⌦⇤ = ⇤⇤ exp
�
i
�
�[ + ⌅]

⇥
/
�

2�⇧

⌦⌅ = ⇤⌅ exp
�
�i
�
�[ � ⌅]

⇥
/
�

2�⇧

H0 + Hd + Hf + HR

O(�̂2)

�(x) = ↵�(x)�+
⇤

n

�̂(kn)eikxn

⇥⇤⌅(x)=⌦⇤⌅(x)e±ikF x

⇥⌅(x)=⌦⌅(x)e�ikF x

HR = �(x)(z ⇤ k) · �

1

K(R)� 

K(R)� � 

H = Hkin + JS1 · � + JS2 · � + K(R)S1 · S2

�K ⇧
1
2
(K +

1
K

)

g(P ) =

g ⌃ �̂2(2kF )

⌃ 104 samples

⌅
↵�2

rand(x)� ⌥ ↵�(x)� ⌥ 5⇤ 10�11eVm

g ⌃ O(1)

⇥ = �̂(2kF )

µL

µR

G =
2e2

h

L ⌃ 1µm

L ⌃ 20µm

g

g ⌃ v/2⇧2

⌥ < L

�̂(±2kF )

±2kF

z⇧ ⇧ 2g
�

CK3

z⌃ ⇧ 4K � 2

⇥ = (�̂(2kF ) + �̂(�2kF ))/2

�x⌅

⌦⇤ = ⇤⇤ exp
�
i
�
�[ + ⌅]

⇥
/
�

2�⇧

⌦⌅ = ⇤⌅ exp
�
�i
�
�[ � ⌅]

⇥
/
�

2�⇧

H0 + Hd + Hf + HR

O(�̂2)

�(x) = ↵�(x)�+
⇤

n

�̂(kn)eikxn

⇥⇤⌅(x)=⌦⇤⌅(x)e±ikF x

⇥⌅(x)=⌦⌅(x)e�ikF x

HR = �(x)(z ⇤ k) · �

3

HSO = ⇥vac(⌃V ⇤ k) · �

K(R)critical ⌅ 2.2 TK

1

2

K(R)

R

K(R) ⇧ (J2/D) cos(kF R)

TK ⇧ D exp(�1/⇤F J)

K(R) > TK

V

U

Vg

J ⇧ V 2/U

�d

�F

�d+U

Order parameter at the quantum phase transition?

Kondo screening RKKY singlet

Second-order quantum phase transition 

1

Simp

log 2

log
⌃
2

⌅

0

TK

T � ⇤ (Kc �K)2

T

JI ⌅ �⇧

⇥E ⇥

⇥K

⇥E

⇧(J ⇥, JI) =
1

N � 4

N�

M=4

|S(⇤(M))� S(⇤e�(M � 2))|

Kc

T ⌅ 0

Cimp

T
= � �⌅ TK

(K �Kc)2

1

Simp

log 2

log
⌃
2

⇤

0

TK

T ⇥ ⇤ (Kc �K)2

�⇥ ⇤ v/T ⇥ ⇤ (Kc �K)�2

T

JI ⌅ �⇧

�E ⇥

�K

�E

⌅(J ⇤, JI) =
1

N � 4

N�

M=4

|S(⇥(M))� S(⇥e�(M � 2))|

Kc

T ⌅ 0

impurity



1

K(R)� 

K(R)� � 

H = Hkin + JS1 · � + JS2 · � + K(R)S1 · S2

�K ⇧
1
2
(K +

1
K

)

g(P ) =

g ⌃ �̂2(2kF )

⌃ 104 samples

⌅
↵�2

rand(x)� ⌥ ↵�(x)� ⌥ 5⇤ 10�11eVm

g ⌃ O(1)

⇥ = �̂(2kF )

µL

µR

G =
2e2

h

L ⌃ 1µm

L ⌃ 20µm

g

g ⌃ v/2⇧2

⌥ < L

�̂(±2kF )

±2kF

z⇧ ⇧ 2g
�

CK3

z⌃ ⇧ 4K � 2

⇥ = (�̂(2kF ) + �̂(�2kF ))/2

�x⌅

⌦⇤ = ⇤⇤ exp
�
i
�
�[ + ⌅]

⇥
/
�

2�⇧

⌦⌅ = ⇤⌅ exp
�
�i
�
�[ � ⌅]

⇥
/
�

2�⇧

H0 + Hd + Hf + HR

O(�̂2)

�(x) = ↵�(x)�+
⇤

n

�̂(kn)eikxn

⇥⇤⌅(x)=⌦⇤⌅(x)e±ikF x

⇥⌅(x)=⌦⌅(x)e�ikF x

HR = �(x)(z ⇤ k) · �

1

K(R)� 

K(R)� � 

H = Hkin + JS1 · � + JS2 · � + K(R)S1 · S2

�K ⇧
1
2
(K +

1
K

)

g(P ) =

g ⌃ �̂2(2kF )

⌃ 104 samples

⌅
↵�2

rand(x)� ⌥ ↵�(x)� ⌥ 5⇤ 10�11eVm

g ⌃ O(1)

⇥ = �̂(2kF )

µL

µR

G =
2e2

h

L ⌃ 1µm

L ⌃ 20µm

g

g ⌃ v/2⇧2

⌥ < L

�̂(±2kF )

±2kF

z⇧ ⇧ 2g
�

CK3

z⌃ ⇧ 4K � 2

⇥ = (�̂(2kF ) + �̂(�2kF ))/2

�x⌅

⌦⇤ = ⇤⇤ exp
�
i
�
�[ + ⌅]

⇥
/
�

2�⇧

⌦⌅ = ⇤⌅ exp
�
�i
�
�[ � ⌅]

⇥
/
�

2�⇧

H0 + Hd + Hf + HR

O(�̂2)

�(x) = ↵�(x)�+
⇤

n

�̂(kn)eikxn

⇥⇤⌅(x)=⌦⇤⌅(x)e±ikF x

⇥⌅(x)=⌦⌅(x)e�ikF x

HR = �(x)(z ⇤ k) · �

3

HSO = ⇥vac(⌃V ⇤ k) · �

K(R)critical ⌅ 2.2 TK

1

2

K(R)

R

K(R) ⇧ (J2/D) cos(kF R)

TK ⇧ D exp(�1/⇤F J)

K(R) > TK

V

U

Vg

J ⇧ V 2/U

�d

�F

�d+U

Order parameter at the quantum phase transition?

Kondo screening RKKY singlet

Second-order quantum phase transition 

1

Simp

log 2

log
⌃
2

⌅

0

TK

T � ⇤ (Kc �K)2

T

JI ⌅ �⇧

⇥E ⇥

⇥K

⇥E

⇧(J ⇥, JI) =
1

N � 4

N�

M=4

|S(⇤(M))� S(⇤e�(M � 2))|

Kc

T ⌅ 0

Cimp

T
= � �⌅ TK

(K �Kc)2

1

Simp

log 2

log
⌃
2

⇤

0

TK

T ⇥ ⇤ (Kc �K)2

�⇥ ⇤ v/T ⇥ ⇤ (Kc �K)�2

T

JI ⌅ �⇧

�E ⇥

�K

�E

⌅(J ⇤, JI) =
1

N � 4

N�

M=4

|S(⇥(M))� S(⇥e�(M � 2))|

Kc

T ⌅ 0

diverging length scale at criticality

impurity



1

K(R)� 

K(R)� � 

H = Hkin + JS1 · � + JS2 · � + K(R)S1 · S2

�K ⇧
1
2
(K +

1
K

)

g(P ) =

g ⌃ �̂2(2kF )

⌃ 104 samples

⌅
↵�2

rand(x)� ⌥ ↵�(x)� ⌥ 5⇤ 10�11eVm

g ⌃ O(1)

⇥ = �̂(2kF )

µL

µR

G =
2e2

h

L ⌃ 1µm

L ⌃ 20µm

g

g ⌃ v/2⇧2

⌥ < L

�̂(±2kF )

±2kF

z⇧ ⇧ 2g
�

CK3

z⌃ ⇧ 4K � 2

⇥ = (�̂(2kF ) + �̂(�2kF ))/2

�x⌅

⌦⇤ = ⇤⇤ exp
�
i
�
�[ + ⌅]

⇥
/
�

2�⇧

⌦⌅ = ⇤⌅ exp
�
�i
�
�[ � ⌅]

⇥
/
�

2�⇧

H0 + Hd + Hf + HR

O(�̂2)

�(x) = ↵�(x)�+
⇤

n

�̂(kn)eikxn

⇥⇤⌅(x)=⌦⇤⌅(x)e±ikF x

⇥⌅(x)=⌦⌅(x)e�ikF x

HR = �(x)(z ⇤ k) · �

1

K(R)� 

K(R)� � 

H = Hkin + JS1 · � + JS2 · � + K(R)S1 · S2

�K ⇧
1
2
(K +

1
K

)

g(P ) =

g ⌃ �̂2(2kF )

⌃ 104 samples

⌅
↵�2

rand(x)� ⌥ ↵�(x)� ⌥ 5⇤ 10�11eVm

g ⌃ O(1)

⇥ = �̂(2kF )

µL

µR

G =
2e2

h

L ⌃ 1µm

L ⌃ 20µm

g

g ⌃ v/2⇧2

⌥ < L

�̂(±2kF )

±2kF

z⇧ ⇧ 2g
�

CK3

z⌃ ⇧ 4K � 2

⇥ = (�̂(2kF ) + �̂(�2kF ))/2

�x⌅

⌦⇤ = ⇤⇤ exp
�
i
�
�[ + ⌅]

⇥
/
�

2�⇧

⌦⌅ = ⇤⌅ exp
�
�i
�
�[ � ⌅]

⇥
/
�

2�⇧

H0 + Hd + Hf + HR

O(�̂2)

�(x) = ↵�(x)�+
⇤

n

�̂(kn)eikxn

⇥⇤⌅(x)=⌦⇤⌅(x)e±ikF x

⇥⌅(x)=⌦⌅(x)e�ikF x

HR = �(x)(z ⇤ k) · �

3

HSO = ⇥vac(⌃V ⇤ k) · �

K(R)critical ⌅ 2.2 TK

1

2

K(R)

R

K(R) ⇧ (J2/D) cos(kF R)

TK ⇧ D exp(�1/⇤F J)

K(R) > TK

V

U

Vg

J ⇧ V 2/U

�d

�F

�d+U

Order parameter at the quantum phase transition?

Kondo screening RKKY singlet

Second-order quantum phase transition 

1

Simp

log 2

log
⌃
2

⇤

0

TK

T ⇥ ⇤ (Kc �K)2

�⇥ ⇤ v/T ⇥ ⇤ (Kc �K)�2

T

JI ⌅ �⇧

Kc

�E ⇥

�K

�E

⌅(J ⇤, JI) =
1

N � 4

N�

M=4

|S(⇥(M))� S(⇥e�(M � 2))|

Kc

impurity

broken symmetry phase

Expectation from ”Landau-Ginzburg-Wilson-Herz”:

unbroken symmetry



1

K(R)� 

K(R)� � 

H = Hkin + JS1 · � + JS2 · � + K(R)S1 · S2

�K ⇧
1
2
(K +

1
K

)

g(P ) =

g ⌃ �̂2(2kF )

⌃ 104 samples

⌅
↵�2

rand(x)� ⌥ ↵�(x)� ⌥ 5⇤ 10�11eVm

g ⌃ O(1)

⇥ = �̂(2kF )

µL

µR

G =
2e2

h

L ⌃ 1µm

L ⌃ 20µm

g

g ⌃ v/2⇧2

⌥ < L

�̂(±2kF )

±2kF

z⇧ ⇧ 2g
�

CK3

z⌃ ⇧ 4K � 2

⇥ = (�̂(2kF ) + �̂(�2kF ))/2

�x⌅

⌦⇤ = ⇤⇤ exp
�
i
�
�[ + ⌅]

⇥
/
�

2�⇧

⌦⌅ = ⇤⌅ exp
�
�i
�
�[ � ⌅]

⇥
/
�

2�⇧

H0 + Hd + Hf + HR

O(�̂2)

�(x) = ↵�(x)�+
⇤

n

�̂(kn)eikxn

⇥⇤⌅(x)=⌦⇤⌅(x)e±ikF x

⇥⌅(x)=⌦⌅(x)e�ikF x

HR = �(x)(z ⇤ k) · �

1

K(R)� 

K(R)� � 

H = Hkin + JS1 · � + JS2 · � + K(R)S1 · S2

�K ⇧
1
2
(K +

1
K

)

g(P ) =

g ⌃ �̂2(2kF )

⌃ 104 samples

⌅
↵�2

rand(x)� ⌥ ↵�(x)� ⌥ 5⇤ 10�11eVm

g ⌃ O(1)

⇥ = �̂(2kF )

µL

µR

G =
2e2

h

L ⌃ 1µm

L ⌃ 20µm

g

g ⌃ v/2⇧2

⌥ < L

�̂(±2kF )

±2kF

z⇧ ⇧ 2g
�

CK3

z⌃ ⇧ 4K � 2

⇥ = (�̂(2kF ) + �̂(�2kF ))/2

�x⌅

⌦⇤ = ⇤⇤ exp
�
i
�
�[ + ⌅]

⇥
/
�

2�⇧

⌦⌅ = ⇤⌅ exp
�
�i
�
�[ � ⌅]

⇥
/
�

2�⇧

H0 + Hd + Hf + HR

O(�̂2)

�(x) = ↵�(x)�+
⇤

n

�̂(kn)eikxn

⇥⇤⌅(x)=⌦⇤⌅(x)e±ikF x

⇥⌅(x)=⌦⌅(x)e�ikF x

HR = �(x)(z ⇤ k) · �

3

HSO = ⇥vac(⌃V ⇤ k) · �

K(R)critical ⌅ 2.2 TK

1

2

K(R)

R

K(R) ⇧ (J2/D) cos(kF R)

TK ⇧ D exp(�1/⇤F J)

K(R) > TK

V

U

Vg

J ⇧ V 2/U

�d

�F

�d+U

Order parameter at the quantum phase transition?

Kondo screening RKKY singlet

Second-order quantum phase transition 

1

Simp

log 2

log
⌃
2

⇤

0

TK

T ⇥ ⇤ (Kc �K)2

�⇥ ⇤ v/T ⇥ ⇤ (Kc �K)�2

T

JI ⌅ �⇧

Kc

�E ⇥

�K

�E

⌅(J ⇤, JI) =
1

N � 4

N�

M=4

|S(⇥(M))� S(⇥e�(M � 2))|

Kc

impurity

broken symmetry phase

Expectation from ”Landau-Ginzburg-Wilson-Herz”:

... but no (obvious) symmetry breaking!

?unbroken symmetry



Order parameter at the quantum phase transition



Order parameter at the quantum phase transition

adapted to the two-impurity Kondo spin chain



Order parameter at the quantum phase transition

N=800

adapted to the two-impurity Kondo spin chain



Order parameter at the quantum phase transition

N=800

adapted to the two-impurity Kondo spin chain



Order parameter at the quantum phase transition

Schmidt gap 

1

2 log 2

K = Kc + �K

�S

K ⇧= Kc

K = Kc

T = 0

Simp

log 2

log
⌃
2

⇤

0

TK

T ⇥ ⇥ (Kc �K)2

⇥⇥ ⇥ v/T ⇥ ⇥ (Kc �K)�2

T

JI ⇤ �⌅

0 0.5 1 1.5
0

0.2

0.4

0.6

0.8

1
(a)

K

�s

 

 

0 0.5 1 1.5
0

0.2

0.4

0.6

0.8

1
(b)

K

�s

 

 

0 0.5 1 1.5
−15

−10

−5

0

5
(c)

K

�s’

 

 

0 0.5 1 1.5
−10

−5

0

5
(d)

K

�s’

 

 

N = 800
N = 400
N = 200

N = 800
N = 400
N = 200

N = 800

N = 400
N = 800

N = 400



Order parameter at the quantum phase transition

Schmidt gap 

1

2 log 2

K = Kc + �K

�S

K ⇧= Kc

K = Kc

T = 0

Simp

log 2

log
⌃
2

⇤

0

TK

T ⇥ ⇥ (Kc �K)2

⇥⇥ ⇥ v/T ⇥ ⇥ (Kc �K)�2

T

JI ⇤ �⌅

finite-size scaling 



Order parameter at the quantum phase transition

Schmidt gap 

1

2 log 2

K = Kc + �K

�S

K ⇧= Kc

K = Kc

T = 0

Simp

log 2

log
⌃
2

⇤

0

TK

T ⇥ ⇥ (Kc �K)2

⇥⇥ ⇥ v/T ⇥ ⇥ (Kc �K)�2

T

JI ⇤ �⌅

finite-size scaling 



Order parameter at the quantum phase transition

Schmidt gap 

1

2 log 2

K = Kc + �K

�S

K ⇧= Kc

K = Kc

T = 0

Simp

log 2

log
⌃
2

⇤

0

TK

T ⇥ ⇥ (Kc �K)2

⇥⇥ ⇥ v/T ⇥ ⇥ (Kc �K)�2

T

JI ⇤ �⌅

finite-size scaling 



Order parameter at the quantum phase transition

Schmidt gap 

1

2 log 2

K = Kc + �K

�S

K ⇧= Kc

K = Kc

T = 0

Simp

log 2

log
⌃
2

⇤

0

TK

T ⇥ ⇥ (Kc �K)2

⇥⇥ ⇥ v/T ⇥ ⇥ (Kc �K)�2

T

JI ⇤ �⌅

finite-size scaling 

−3 0 3 6 9 12
0

0.5

1

1.5

2

(K−Kc) N
 0.5

�sN
 0.1

(b)

 

 

−3 0 3 6 9 12
0

0.5

1

1.5

2

(K−Kc) N
 0.5

�sN
 0.1

(c)

 

 

−3 0 3 6 9 12
0

0.5

1

1.5

2

(K−Kc) N
 0.5

�sN
 0.1

(d)

 

 

0 0.5 1 1.5 2
0

25

50

75

100

K

L*

(a)

 

 

N = 800

N = 400

N = 400
N = 300
N = 200

N = 400
N = 300
N = 200

N = 400
N = 300
N = 200

JI
c



Order parameter at the quantum phase transition

Schmidt gap 

1

2 log 2

K = Kc + �K

�S

K ⇧= Kc

K = Kc

T = 0

Simp

log 2

log
⌃
2

⇤

0

TK

T ⇥ ⇥ (Kc �K)2

⇥⇥ ⇥ v/T ⇥ ⇥ (Kc �K)�2

T

JI ⇤ �⌅

finite-size scaling 

−3 0 3 6 9 12
0

0.5

1

1.5

2

(K−Kc) N
 0.5

�sN
 0.1

(b)

 

 

−3 0 3 6 9 12
0

0.5

1

1.5

2

(K−Kc) N
 0.5

�sN
 0.1

(c)

 

 

−3 0 3 6 9 12
0

0.5

1

1.5

2

(K−Kc) N
 0.5

�sN
 0.1

(d)

 

 

0 0.5 1 1.5 2
0

25

50

75

100

K

L*

(a)

 

 

N = 800

N = 400

N = 400
N = 300
N = 200

N = 400
N = 300
N = 200

N = 400
N = 300
N = 200

JI
c

1

� = 0.2± 0.05

⇤ = 2± 0.1

J �
L = J �

R � J � < 1

HI = KSL
1 · SR

1

J �
LJ1

J �
RJ1

J �
LJ2

J �
RJ2

J1

J2

2 log 2

K = Kc + ⇥K

�S

K ⇥= Kc

K = Kc

T = 0

1

� = 0.2± 0.05

⇤ = 2± 0.1

J �
L = J �

R � J � < 1

HI = KSL
1 · SR

1

J �
LJ1

J �
RJ1

J �
LJ2

J �
RJ2

J1

J2

2 log 2

K = Kc + ⇥K

�S

K ⇥= Kc

K = Kc

T = 0



Order parameter at the quantum phase transition

Schmidt gap 

1

2 log 2

K = Kc + �K

�S

K ⇧= Kc

K = Kc

T = 0

Simp

log 2

log
⌃
2

⇤

0

TK

T ⇥ ⇥ (Kc �K)2

⇥⇥ ⇥ v/T ⇥ ⇥ (Kc �K)�2

T

JI ⇤ �⌅

finite-size scaling 

−3 0 3 6 9 12
0

0.5

1

1.5

2

(K−Kc) N
 0.5

�sN
 0.1

(b)

 

 

−3 0 3 6 9 12
0

0.5

1

1.5

2

(K−Kc) N
 0.5

�sN
 0.1

(c)

 

 

−3 0 3 6 9 12
0

0.5

1

1.5

2

(K−Kc) N
 0.5

�sN
 0.1

(d)

 

 

0 0.5 1 1.5 2
0

25

50

75

100

K

L*

(a)

 

 

N = 800

N = 400

N = 400
N = 300
N = 200

N = 400
N = 300
N = 200

N = 400
N = 300
N = 200

JI
c

1

� = 0.2± 0.05

⇤ = 2± 0.1

J �
L = J �

R � J � < 1

HI = KSL
1 · SR

1

J �
LJ1

J �
RJ1

J �
LJ2

J �
RJ2

J1

J2

2 log 2

K = Kc + ⇥K

�S

K ⇥= Kc

K = Kc

T = 0

1

� = 0.2± 0.05

⇤ = 2± 0.1

J �
L = J �

R � J � < 1

HI = KSL
1 · SR

1

J �
LJ1

J �
RJ1

J �
LJ2

J �
RJ2

J1

J2

2 log 2

K = Kc + ⇥K

�S

K ⇥= Kc

K = Kc

T = 0

predicted by bosonization 
and conformal field theory
I. Affleck et al., PRB (1992)
M. Fabrizio et al., PRL (1995)



Summary & outlook

•  Kondo cloud reconstruction for any (subcritical) RKKY and Kondo couplings   


•  Prediction of Kondo resonance narrowing 


•  Nonperturbative diagnostic of Kondo-RKKY quantum phase transition


•  Schmidt gap as order parameter for an impurity quantum phase transition


    A. Bayat, S. Bose, P.  Sodano, H. J., PRL 109, 066403 (2012) 
    A. Bayat, H. J., S. Bose, P. Sodano, Nature Comm. 5, 3784 (2014)      

Entanglement probe of the two-impurity Kondo model, using DMRG:



•   Universal single-frequency oscillations in quantum impurity systems after a quantum quench

     A. Bayat, S. Bose, H. J., P. Sodano, Phys, Rev. B 92, 155141 (2015) 
     

•   Entanglement structure of the two-channel Kondo model

     B. Alkurtass, A. Bayat, I. Affleck, S. Bose, H. J., P. Sodano, E. Sorensen, K. Le Hur,     
     Phys. Rev. B 93, 081106(R) (2016) 

Summary & outlook

•  Kondo cloud reconstruction for any (subcritical) RKKY and Kondo couplings   


•  Prediction of Kondo resonance narrowing 


•  Nonperturbative diagnostic of Kondo-RKKY quantum phase transition


•  Schmidt gap as order parameter for an impurity quantum phase transition


    A. Bayat, S. Bose, P.  Sodano, H. J., PRL 109, 066403 (2012) 
    A. Bayat, H. J., S. Bose, P. Sodano, Nature Comm. 5, 3784 (2014)      

Entanglement probe of the two-impurity Kondo model, using DMRG:


