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”bulk-boundary 
correspondence”
L. Fu and C. L. Kane, Phys. Rev. B 74, 195312 (2006)

the boundary states are robust against 
symmetry-preserving local perturbations 
which do not close the bulk gap
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Symmetry-protected topological states 
examples

Quantum spin Hall system: 
helical edge states protected 
by time-reversal symmetry; 
     topological invariant 

A. P. Schnyder et al., Phys. Rev. B 78, 196125 (2008) 
A. Kitaev, AIP Conf. Proc. 1134, 22 (2009)

… and many more!
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What about symmetry protection against  
time-periodic local perturbations?  
… can be addressed using Floquet theory!
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(Gaston Floquet, 1847-1920)

”Floquet topological insulators/superconductors”
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F. Nathan and M. S. Rudner, New J. Phys. 17, 125014 (2015)

The type of Floquet topological invariants depends  
on dimensionality and protecting symmetries  
(similar to static systems)
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The ordinary time-independent SSH model (            )        
has time-reversal, particle-hole and chiral symmetry

All eigenstates have a partner with opposite energy  (1)
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�Ĥ(t)�† = �Ĥ(�t) (1)
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�Ĥ(t)�† = �Ĥ(�t) (1)
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�Ĥ(t)�† = �Ĥ(�t) (1)
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�Ĥ(t)�† = �Ĥ(�t) (1)
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The disordered �1/2 and � amplitudes vary randomly 2 [�0.5⌦, 0.5⌦] in the “boundary region” j=1, ..., 10,
bulk intracell hopping �1 = 0.15⌦, bulk driving v(t) = 0.4 cos(⌦t), chain length N = 40

Numerical diagonalization (truncated Hamiltonian in frequency domain):

V (t) =
X

n

Vn cos(n⌦t+ �n), (15)

where 8n 2 N : �Vn� = ±Vn and �n 2 R

t0 (16)

�2 cos(⌦t) + �1 sin(2⌦t) (17)



Chiral symmetry-protection in the harmonically driven SSH modelQuasienergy spectrum of

1
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The robustness of the boundary states depends critically 

on the relative phase between bulk driving and perturbation.



Time-independent SSH model within Floquet theory

Energy spectrum
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Time-independent SSH model within Floquet theory

Energy spectrumQuasienergy spectrum
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harmonically 
driven SSH model



What about robustness of boundary states in the  
ordinary time-independent SSH model subject to  
local time-periodic perturbations?



Since there’s no bulk driving and hence no constraint from  
a relative phase, one expects that the boundary states are 
robust against a much larger class of perturbations*!

What about robustness of boundary states in the  
ordinary time-independent SSH model subject to  
local time-periodic perturbations?
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Boundary states of chiral-invariant static systems are 
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“boundary region” j = 1, ...10, chain length N = 40

Numerical diagonalization (truncated Hamiltonian in frequency domain):

V (t) =
X

n

Vn cos(n⌦t+ �n), (15)

where 8n 2 N : �Vn� = ±Vn and �n 2 Rwhere

2

⌫0 = 1 (7)

⌫⇡ = 1 (8)

�zV (k, t)�z = �V (k,�t) (9)

V (t) = V (t+ T ) (10)

�V (t)�=�V (�t) (11)

� ⌘
X

j

(|j, Aihj, A|� |j, Bihj, B|) (12)

�i ! �i,jf(t), i = 1, 2; j = 1, ..., n ⌧ N f(t+ T ) = f(t), f(�t) = f(t) (13)

+� g(t)
nX

j=1

(c†A,jcA,j � c†B,jcB,j), n ⌧ N g(t+ T ) = g(t), g(�t) = �g(t) (14)

�1/2 disorder amplitudes varying randomly in the interval [�0.2⌦, 0.2⌦], � =
bulk intracell hopping �1 = 0.15⌦, bulk driving v(t) = 0.2 cos(⌦t)
“boundary region” j = 1, ...10, chain length N = 40

Numerical diagonalization (truncated Hamiltonian in frequency domain):

V (t) =
X

n

Vn cos(n⌦t+ �n), (15)

where 8n 2 N : �Vn� = ±Vn and �n 2 Rand

2

⌫0 = 1 (7)

⌫⇡ = 1 (8)

�zV (k, t)�z = �V (k,�t) (9)

V (t) = V (t+ T ) (10)

�V (t)�=�V (�t) (11)

� ⌘
X

j

(|j, Aihj, A|� |j, Bihj, B|) (12)

�i ! �i,jf(t), i = 1, 2; j = 1, ..., n ⌧ N f(t+ T ) = f(t), f(�t) = f(t) (13)

+� g(t)
nX

j=1

(c†A,jcA,j � c†B,jcB,j), n ⌧ N g(t+ T ) = g(t), g(�t) = �g(t) (14)

�1/2 disorder amplitudes varying randomly in the interval [�0.2⌦, 0.2⌦], � =
bulk intracell hopping �1 = 0.15⌦, bulk driving v(t) = 0.2 cos(⌦t)
“boundary region” j = 1, ...10, chain length N = 40

Numerical diagonalization (truncated Hamiltonian in frequency domain):

V (t) =
X

n

Vn cos(n⌦t+ �n), (15)

where 8n 2 N : �Vn� = ±Vn and �n 2 R

2

⌫0 = 1 (7)

⌫⇡ = 1 (8)

�zV (k, t)�z = �V (k,�t) (9)

V (t) (10)

�V (t)�=�V (�t) (11)

� ⌘
X

j

(|j, Aihj, A|� |j, Bihj, B|) (12)

� ! �if(t), i = 1, ..., n;n ⌧ N f(T + T ) = f(t), f(�t) = f(t) (13)

local perturbation

This class of perturbations generically break chiral 
symmetry for all choices of reference times    : 

2

⌫0 = 1 (7)

⌫⇡ = 1 (8)

�zV (k, t)�z = �V (k,�t) (9)

V (t) = V (t+ T ) (10)

�V (t)�=�V (�t) (11)

� ⌘
X

j

(|j, Aihj, A|� |j, Bihj, B|) (12)

�i ! �i,jf(t), i = 1, 2; j = 1, ..., n ⌧ N f(t+ T ) = f(t), f(�t) = f(t) (13)

+� g(t)
nX

j=1

(c†A,jcA,j � c†B,jcB,j), n ⌧ N g(t+ T ) = g(t), g(�t) = �g(t) (14)

�1/2 disorder amplitudes varying randomly in the interval [�0.2⌦, 0.2⌦], � =
bulk intracell hopping �1 = 0.15⌦, bulk driving v(t) = 0.2 cos(⌦t)
“boundary region” j = 1, ...10, chain length N = 40

Numerical diagonalization (truncated Hamiltonian in frequency domain):

V (t) =
X

n

Vn cos(n⌦t+ �n), (15)

where 8n 2 N : �Vn� = ±Vn and �n 2 R

t0 (16)

4

�1,j cos(⌦t) +�j cos(2⌦t) (27)

�1 = 0.15⌦ (28)

R[⇡/4] =

✓
cA,k

cB,k

◆
. (29)

�U(t0, t0 + T )� 6=U�1(t0, t0 + T ), 8t0 (30)
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� = XY Z in the boundary region; bulk intracell hopping �1 = 0.15⌦, bulk driving v(t) = 0.4 cos(⌦t)

Numerical diagonalization (truncated Hamiltonian in frequency domain):

V (t) =
X

n

Vn cos(n⌦t+ �n), (15)

where 8n 2 N : �Vn� = ±Vn and �n 2 R
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�2 cos(⌦t) + �1 sin(2⌦t) (17)

�2 cos(⌦t) +� cos(2⌦t) (18)

� sin(⌦t) + �2 sin(2⌦t) (19)
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�i ! �i,jf(t), i = 1, 2; j = 1, ..., n ⌧ N f(t+ T ) = f(t), f(�t) = f(t) (13)

+� g(t)
nX

j=1

(c†A,jcA,j � c†B,jcB,j), n ⌧ N g(t+ T ) = g(t), g(�t) = �g(t) (14)

The disordered �1/2 and � amplitudes vary randomly 2 [�0.2⌦, 0.2⌦] in the “boundary region” j=1, ..., 10,
bulk intracell hopping �1 = 0.15⌦, bulk driving v(t) = 0.2 cos(⌦t), chain length N = 40
The disordered �1/2 and � amplitudes vary randomly 2 [�0.5⌦, 0.5⌦] in the “boundary region” j=1, ..., 10,
bulk intracell hopping �1 = 0.15⌦, bulk driving v(t) = 0.4 cos(⌦t), chain length N = 40

Numerical diagonalization (truncated Hamiltonian in frequency domain):

V (t) =
X

n

Vn cos(n⌦t+ �n), (15)

where 8n 2 N : �Vn� = ±Vn and �n 2 R

t0 (16)

�2 cos(⌦t) + �1 sin(2⌦t) (17)

�2 cos(⌦t) +� cos(2⌦t) (18)

� sin(⌦t) + �2 sin(2⌦t) (19)
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Floquet perturbation theory for a static chiral-invariant system

First- and second-order quasienergy corrections to  
any nondegenerate level due to a time-periodic perturbation          :
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� sin(⌦t) + �2 sin(2⌦t) (19)
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where | 0(t)i, |�0(t)i are unperturbed steady modes associated with quasienergies "0 and "0� ,
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where | 0(t)i, |�0(t)i are unperturbed steady modes associated with quasienergies "0 and "0� ,unperturbed Floquet states associated with quasienergies
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0
h 0(t)|V (t)| 0(t)idt, (21)
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 =
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, (22)

where | 0(t)i, |�0(t)i are unperturbed steady modes associated with quasienergies "0 and "0� ,and
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⌫0 = 1 (7)

⌫⇡ = 1 (8)

�zV (k, t)�z = �V (k,�t) (9)

V (t) = V (t+ T ) (10)

�V (t)�=�V (�t) (11)

� ⌘
X

j

(|j, Aihj, A|� |j, Bihj, B|) (12)

�i ! �i,jf(t), i = 1, 2; j = 1, ..., n ⌧ N f(t+ T ) = f(t), f(�t) = f(t) (13)

+� g(t)
nX

j=1

(c†A,jcA,j � c†B,jcB,j), n ⌧ N g(t+ T ) = g(t), g(�t) = �g(t) (14)

�1/2 disorder amplitudes varying randomly in the interval [�0.2⌦, 0.2⌦], � =
bulk intracell hopping �1 = 0.15⌦, bulk driving v(t) = 0.2 cos(⌦t)
“boundary region” j = 1, ...10, chain length N = 40

Numerical diagonalization (truncated Hamiltonian in frequency domain):

V (t) =
X

n

Vn cos(n⌦t+ �n), (15)

where 8n 2 N : �Vn� = ±Vn and �n 2 R
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⌫0 = 1 (7)

⌫⇡ = 1 (8)

�zV (k, t)�z = �V (k,�t) (9)

V (t) = V (t+ T ) (10)
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�i ! �i,jf(t), i = 1, 2; j = 1, ..., n ⌧ N f(t+ T ) = f(t), f(�t) = f(t) (13)

+� g(t)
nX

j=1

(c†A,jcA,j � c†B,jcB,j), n ⌧ N g(t+ T ) = g(t), g(�t) = �g(t) (14)

�1/2 disorder amplitudes varying randomly in the interval [�0.2⌦, 0.2⌦], � =
bulk intracell hopping �1 = 0.15⌦, bulk driving v(t) = 0.2 cos(⌦t)
“boundary region” j = 1, ...10, chain length N = 40

Numerical diagonalization (truncated Hamiltonian in frequency domain):

V (t) =
X

n

Vn cos(n⌦t+ �n), (15)

where 8n 2 N : �Vn� = ±Vn and �n 2 R

the first- and second-order contributions to the  
unperturbed zero-quasienergy level             vanish identically!
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� sin(⌦t) + �2 sin(2⌦t) (19)

V (t) = V�(t) + Vn�(t) (20)
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(1)
 =
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h 0(t)|V (t)| 0(t)idt, (21)

"
(2)
 =
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� 6= 
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0 h�0(t)|V (t)| 0(t)idt
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"0 � "0�
, (22)

where | 0(t)i, |�0(t)i are unperturbed steady modes associated with quasienergies "0 and "0� ,

"0 = 0

Z2 (23)

v(t) = 0 (24)

Proof:

Define F ⌘ U(0, T
2 ) and G ⌘ U(T2 , T ). Then, directly from the definition

F ⌘
X
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(�i)n
Z T

2

0
dt1 ...

Z tn�1

0
dtn H(t1) ... H(tn),
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X
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dt1 ...
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T
2

dtn H(t1) ... H(tn).

(25)

The Hamiltonian H(t) is periodic in time and therefore G also equals U(�T
2 , 0). We then use the substitution

8i 2 N : ⌧i = �ti and the condition �H(t)� = �H(�t) to obtain a relation between F and G,

F =
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0
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0
d⌧n�H(⌧1)� ...�H(⌧n)�

= �U(0,�T

2
)� = �G†�.

(26)

The chiral symmetry condition �U(0, T )� = U�1(0, T )
then follows immediately from U(0, T ) = FG = �G†�G.

�1,j cos(⌦t) +�j cos(2⌦t) (27)

Numerical test of leading order cubic scaling of quasienergy shifts  
(static SHH model)
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The chiral symmetry condition �U(0, T )� = U�1(0, T )
then follows immediately from U(0, T ) = FG = �G†�G.

�1,j cos(⌦t) +�j cos(2⌦t) (28)

�1 = 0.15⌦ (29)
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�U(t0, t0 + T )�=U�1(t0, t0 + T ), 8t0 (33)
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where | 0(t)i, |�0(t)i are unperturbed steady modes associated with quasienergies "0 and "0� ,
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v(t) = 0 (24)

Proof:

Define F ⌘ U(0, T
2 ) and G ⌘ U(T2 , T ). Then, directly from the definition
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The Hamiltonian H(t) is periodic in time and therefore G also equals U(�T
2 , 0). We then use the substitution

8i 2 N : ⌧i = �ti and the condition �H(t)� = �H(�t) to obtain a relation between F and G,
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(26)

The chiral symmetry condition �U(0, T )� = U�1(0, T )
then follows immediately from U(0, T ) = FG = �G†�G.

�1,j cos(⌦t) +�j cos(2⌦t) (27)

Numerical test of leading order cubic scaling of quasienergy shifts  
(static SHH model)
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The chiral symmetry condition �U(0, T )� = U�1(0, T )
then follows immediately from U(0, T ) = FG = �G†�G.

�1,j cos(⌦t) +�j cos(2⌦t) (28)

�1 = 0.15⌦ (29)

R[⇡/4] =
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. (30)

�U(t0, t0 + T )� 6=U�1(t0, t0 + T ), 8t0 (31)

8t0 (32)

�U(t0, t0 + T )�=U�1(t0, t0 + T ), 8t0 (33)

�1,j cos(⌦t) �2,j cos(⌦t) �1,j sin(⌦t) �2,j sin(⌦t) �j sin(⌦t) �j cos(⌦t) (34)
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V (t) = V�(t) + Vn�(t) (20)

"
(1)
 =

1

T

Z T

0
h 0(t)|V (t)| 0(t)idt, (21)

"
(2)
 =

X

� 6= 

��� 1T
R T
0 h�0(t)|V (t)| 0(t)idt

���
2

"0 � "0�
, (22)

where | 0(t)i, |�0(t)i are unperturbed steady modes associated with quasienergies "0 and "0� ,

"0 = 0

Z2 (23)

v(t) = 0 (24)

Proof:

Define F ⌘ U(0, T
2 ) and G ⌘ U(T2 , T ). Then, directly from the definition

F ⌘
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dtn H(t1) ... H(tn).

(25)

The Hamiltonian H(t) is periodic in time and therefore G also equals U(�T
2 , 0). We then use the substitution

8i 2 N : ⌧i = �ti and the condition �H(t)� = �H(�t) to obtain a relation between F and G,

F =
X
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Z �T
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0
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= �U(0,�T
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)� = �G†�.

(26)

The chiral symmetry condition �U(0, T )� = U�1(0, T )
then follows immediately from U(0, T ) = FG = �G†�G.

�1,j cos(⌦t) +�j cos(2⌦t) (27)

Numerical test of leading order cubic scaling of quasienergy shifts  
(static SHH model)
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The chiral symmetry condition �U(0, T )� = U�1(0, T )
then follows immediately from U(0, T ) = FG = �G†�G.

�1,j cos(⌦t) +�j cos(2⌦t) (28)
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8t0 (32)

�U(t0, t0 + T )�=U�1(t0, t0 + T ), 8t0 (33)
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V min
n� (t+ t0)

(35)

�✏[⌦] (36)

�j sin(⌦t) + �2,j sin(2⌦t) (37)

Fl
oq

ue
t S

SH
 m

od
el

linear

Floquet



The perturbative results are not the full story…

… the resilience against chiral symmetry-breaking perturbations 
frequently hold also in the nonperturbative regime, and also for  
many other types of perturbations!



The perturbative results are not the full story…

… the resilience against chiral symmetry-breaking perturbations 
frequently hold also in the nonperturbative regime, and also for  
many other types of perturbations!

How is this possible?



How is this possible?
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Experimental tests?
Proposal for simulating SSH Hamiltonian in 1D optical lattices 
D.-W. Zhang et al., Phys. Rev. A 92, 013612 (2015)

Realized for bosonic SSH model with 87Rb atoms  
M. Leder et al., Nat. Commun. 7,13112 (2016)

optical real-space imaging of edge states

Experimental realization of periodically driven random  
potential in 1D optical lattice with 40K atoms 
P. Bordia et al., Nat. Phys. 13, 460 (2017) 



Summary
O. Balabanov & H. J., Phys. Rev. B 96, 035149 (2017) [arXiv:1704.00782] 

The effect of time-periodic symmetry-preserving local perturbations of   
a chiral-invariant topological Floquet system depends critically on the  
relative phase between the drive of the system and that of the perturbation. 

No such constraint for chiral-invariant time-independent unperturbed systems. 

Enhanced resilience of boundary states against 

time-periodic symmetry-breaking perturbations! 


