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interaction and Kondo screening
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observed via NRG by B. A. Jones et al., 

proof by I. Affleck et al.,
assuming a special type of particle-hole symmetry

Non-Fermi liquid
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HSO = λvac(∇V × k) · σ

K(R)critical ≈ 2.2 TK
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PRL 61, 125 (1988)

PRB 52, 9528 (1995)
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!2
< 0.1 Å−1 via gate control
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AlGaAs

GaAs/AlGaAs
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HgTe/CdTe 0.1 30
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√

SWAP operations
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R ≈ 10 nm

K0(R) ≈ 5 µeV
τdec ≈ 60 ns

τswap ≈ 0.3 ns

|α |=|β |

UCNOT

Ky '= K⊥

K⊥ = Ky ≈ 2.2 TK
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Nota Bene:
The central dot supports both RKKY and Kondo screening. 
The experiment does not probe quantum criticality.

N. J. Craig et al., Science 304, 565 (2004)
Realization in double quantum-dot systems



At the quantum critical point... 

Transport 

Chapter 3: The two-impurity Kondo model (TIKM)

control over the RKKY interaction, which in my proposal is generated in the usual way,

by local spin-exchange interaction with a bath of conduction electrons. The setup (Fig.

3.3) consists of two infinite leads that are each coupled to a quantum dot via tunneling

junctions. The two quantum dots are also coupled to a finite, auxiliary electron reservoir.

To understand the low energy behavior of this device, consider first V1 = V2 = 0, i.e. just

V1 V2

VA VA

Lead 1

Lead 1

Lead 2

Lead 2

Auxiliary
reservoir

Figure 3.3: The physical setup I propose. The different V are the tunneling rates

between the dots. The auxiliary reservoir is operated in the Coulomb

blockade regime, where charge transfer between the reservoir and the

leads (and thus also between the two leads) is strongly suppressed.

the two quantum dots with the auxiliary reservoir. If the parameters are set such that

both of the dots as well as the reservoir are in the center of their respective Coulomb

blockade valleys, charge fluctuation between the dots and the reservoir are strongly

suppressed. Virtual transitions however, give rise to local spin exchange interactions

between the electrons on the dots and the electrons in the reservoir. This is precisely

the Kondo interaction, which implies that the two dots, together with the auxiliary elec-

trons, already constitute a full TIKM. However, as long as TA, the Kondo temperature

associated with VA is small compared to the RKKY interaction, TA ! K ∼ V 4
A, the

auxiliary reservoir acts as a pure RKKY interaction between the two quantum dots. By

tuning up V1,2 until V1,2 # VA, the TIKM without any charge transfer between the two

leads is obtained.

In the following chapter I continue by examining the critical behavior of the TIKM in

the presence of spin-orbit interactions (for the conduction electrons). The advantage of

the setup which I just described over the “orthodox” TIKM3, lies in the separation of the

conduction electrons responsible for the RKKY interaction from those responsible for

the Kondo screening. This allows me to consider the effect of spin-orbit interactions on

the RKKY interaction and on the Kondo screening separately, before I put everything

together in the end.

3In the TIKM as introduced in the beginning of this chapter (eq. 3.0.2), there are two impurities

located within an infinite sea of conduction electrons.
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+ Jeff V k0
F

2π

∫
dk dk′S · a†kµσµν ak′ν

H =
1

(2π)2

∫ ∞

0
dk

∑

b=±
εb(k) a†kbµakbµ (2)

+
J

4
V

(2π)3

∫ ∞

0
dk dk′

√
kk′

∑

b,c=±
S · a†kbµσµν akcν

H =
1

(2π)2

∫ ∞

0
dk

∑

b=±
εb(k) a†kbµakbµ (3)

+
J

4
V

(2π)3

∫ ∞

0
dk dk′

√
kk′

∑

b,c=±
S · a†kbµσµν akcν

ak±↑ =
1√
2
(ψk0↑ ∓ iψk+1↓)

ak±↓ =
1√
2
(ψk0↓ ∓ iψk−1↑)

1

G ≈ G0(1− λ1T
1/2), T > T ∗

1

G ≈ G0(1− λ2T
2), T > T ∗

2

Cimp ≈ constant× T

χimp = constant

ψ↑(↓) = η↑(↓)exp(
+

(−)
i
√

π[φ
+

(−)
θ])/

√
2πκ

Φab(x,τ,τ ′) ≡ φa(x, τ)− φb(x, τ ′)

− Dξ

(2πκ)2
∑

a,b

∫
dxdτdτ ′cos[λKΦab(x,τ,τ ′)]

−D̃ξ

∑

a,b

∫
dxdτdτ ′cos[ϕ̃a(x,τ)−ϕ̃b(x,τ ′)]

H = vF

∫
dk k (a†kµakµ + ã†kµãkµ) (1)
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+ Jeff V k0
F

2π

∫
dk dk′S · a†kµσµν ak′ν

H =
1

(2π)2

∫ ∞

0
dk

∑

b=±
εb(k) a†kbµakbµ (2)

+
J

4
V

(2π)3

∫ ∞

0
dk dk′

√
kk′

∑

b,c=±
S · a†kbµσµν akcν

H =
1

(2π)2

∫ ∞

0
dk

∑

b=±
εb(k) a†kbµakbµ (3)

+
J

4
V

(2π)3

∫ ∞

0
dk dk′

√
kk′

∑

b,c=±
S · a†kbµσµν akcν

Thermodynamic impurity entropy

1

U(1)⊗U(1)⊗ SU(2)1 ⊗ SU(2)1 −→ U(1)⊗U(1)⊗ SU(2)2 ⊗ Ising

gA =
√

2

Simp = ln
√

2

G ≈ G0(1− λ1T
1/2), T > T ∗

1

G ≈ G0(1− λ2T
2), T > T ∗

2

Cimp ≈ constant× T

χimp = constant

ψ↑(↓) = η↑(↓)exp(
+

(−)
i
√

π[φ
+

(−)
θ])/

√
2πκ

Φab(x,τ,τ ′) ≡ φa(x, τ)− φb(x, τ ′)

− Dξ

(2πκ)2
∑

a,b

∫
dxdτdτ ′cos[λKΦab(x,τ,τ ′)]

−D̃ξ

∑

a,b

∫
dxdτdτ ′cos[ϕ̃a(x,τ)−ϕ̃b(x,τ ′)]

H = vF

∫
dk k (a†kµakµ + ã†kµãkµ) (1)
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+ Jeff V k0
F

2π

∫
dk dk′S · a†kµσµν ak′ν

identify

1

β ! r

cA = ln
√

2

r

SA(r) =
c

6
ln(

r

a
) + cA + nonuniversal constant

U(1)⊗U(1)⊗ SU(2)1 ⊗ SU(2)1 −→ U(1)⊗U(1)⊗ SU(2)2 ⊗ Ising

gA =
√

2

Simp = ln
√

2

G ≈ G0(1− λ1T
1/2), T > T ∗

1

G ≈ G0(1− λ2T
2), T > T ∗

2

Cimp ≈ constant× T

χimp = constant

ψ↑(↓) = η↑(↓)exp(
+

(−)
i
√

π[φ
+

(−)
θ])/
√

2πκ

Φab(x,τ,τ ′) ≡ φa(x, τ)− φb(x, τ ′)

− Dξ

(2πκ)2
∑

a,b

∫
dxdτdτ ′cos[λKΦab(x,τ,τ ′)]

−D̃ξ

∑

a,b

∫
dxdτdτ ′cos[ϕ̃a(x,τ)−ϕ̃b(x,τ ′)]

More information about the critical behavior in the 
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cf. talk by P. Calabrese, last Friday
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see also J. Cardy and P. Calabrese, J. Stat. Mech. P04023 (2010)
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Scaling corrections to boundary entanglement 

same as for the single-
impurity Kondo model

Two-impurity Kondo model

Breaking parity or allowing for charge fluctuations on 
the quantum dots (two-impurity Anderson model)  
different scaling corrections to the boundary entanglement  

E. Eriksson and HJ, in progress

Oscillating term in the entanglement entropy?

Boundary entanglement in the integrable TIKM?

cf. N. Laflorencie et al., PRL 96, 100603 (2006)

cf. P. Schlottmann, PRL 80,  4975 (1998);  A. A. Zvyagin, PRB 65, 214404 (2002)  



Other entanglement probes of Kondo physics 

S. Y. Cho and R. H. McKenzie, PRA 73, 012109 (2006)

Two-impurity concurrence
C        0  at the TIKM critical point 

A. Bayat, P. Sodano,  and S. Bose, PRB 81, 064429 (2010)

Negativity for Kondo “spin chain”

Generalization to TIKM?   

Measure of Kondo screening cloud



A new twist: Adding spin-orbit interactions... 
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relativistic correction in a semiconductor
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effective mass from periodic crystal potential

bandgap

Adding spin-orbit interactions... 

relativistic correction in vacuum

1

λvac = !2/4m2
0c

2 ≈ 3.7× 10−6A2

HSO = λvac(∇V × k) · σ

Kc ≈ 2.2TK

1

2

K(R)

R

K(R) ∝ (J2/D) cos(kF R)

TK ∝ D exp(−1/ρF J)

K(R) > TK

V

U

Vg

J ∝ V 2/U

εd

εF

εd+U

Cimp ∝ (T/TK) ln(TK/T ), Simp = k ln(
√

2), ...

Simp = k ln(
√

2)

T

K(R)critical

δ = π/2

δ = 0

−ψ(r)

ψ(r)

K(R)→∞

K(R)→ −∞

Hint = J1S1 · σ1 + J2S2 · σ2 + K(R)S1 · S2

J1 )= J2

∆K ≡
1
2
(K +

1
K

)

g(P ) =

g ∼ α̂2(2kF )

3

ϕ = arctan(α/β)

π/2− arctan(α/β)

|α |=|β |

H =
k2

2m
+

[(
β −α
α −β

) (
kx

ky

)]
· σ

G(k, ω) ≡ (ω −H(k))−1 = (ω − k2

2m
− (Ak) · τ )−1

= G0(k, ω; A) + G1(k, ω; A) (Ak) · τ

HRKKY = −J1J2

π
Im

∫ ωF

−∞
dω Tr

[
(S1 · σ)G(R,ω + i0+)× (S2 · σ)G(−R,ω + i0+)

]

(3)

HR = α(kxσy − kyσx)

HD = β(kxσx − kyσy)

α

HSO = λcrystal(∇V × k) · σ

λcrystal ≈ !2/4m∗Eg ≈ 106λvac

λvac = !2/4m2
0c

2 ≈ 3.7× 10−6Å2
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Another type of spin-orbit interaction  
in 2D semiconductor heterostructures...

zincblende structures:
GaAs, InAs, HgTe,...

broken lattice
inversion symmetry
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gate controllable
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βkF /meV αkF /meV (1)
GaAs/AlGaAs 0.01− 0.1 0.01− 0.1

HgTe/CdTe 0.1 30

∼ 200 coherent
√

SWAP operations

T ≈ 10 mK (2)
R ≈ 10 nm

K0(R) ≈ 5 µeV
τdec ≈ 60 ns

τswap ≈ 0.3 ns

|α |=|β |

UCNOT

Ky %= K⊥

K⊥ = Ky ≈ 2.2 TK

Ky ≈ TK

(K⊥, Ky)→ (K⊥ + δ, Ky + δ)

(K⊥, Ky)→ (K⊥ + δ, Ky − δ)

eiθK⊥ = KH + iKDM

SU(2)→ U(1)



How do Rashba and Dresselhaus 
spin-orbit interactions influence 
two-impurity Kondo physics?

D. F. Mross and H. J., PRB 80, 155302 (2009)
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 from simple extension of standard perturbative approach to RKKY
Blackman and Elliot, 1970
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with ωF the Fermi level. Here G(R, ω) is the Green’s
function of a conduction electron with energy ω, with 2R
the distance between the localized spins (∼ the width of
the central reservoir in FIG. (1)). The trace is taken over
the two spin states of a conduction electron. The expres-
sion in Eq. (7) can easily be adapted to the case when
spin-orbit interactions are present by properly modify-
ing the single-electron Greens function G. The case of
a pure Rashba spin-orbit interaction was treated in Ref.
29. Here we will show that using a similar procedure as
in Ref. 29, the form of the RKKY interaction can be cal-
culated in the presence of both Rashba and Dresselhaus
interactions of arbitrary relative strength.

For this purpose it is convenient to write the 2D single-
electron Hamiltonian with both kinds of spin-orbit inter-
actions (cf. Eqs. (5) and (6)) as

H =
k2

2m
+

[(

β −α
α −β

) (

kx

ky

)]

· τ ≡
k2

2m
+ (Ak) · τ , (8)

where α and β are the coupling strengths for Rashba and
Dresselhaus spin-orbit interactions, respectively32,33. All
vectors that appear in Eq. (8) have two components, i.e.
k = (kx, ky), τ = (τx, τy). The scalar product of any
vector m = (mx, my) with the vector of Pauli matrices
τ is taken in the usual way, m · τ = mxτx + myτy . The
Green’s function corresponding to the Hamiltonian in Eq.
(8) is

G(k, ω) ≡ (ω − H(k))−1 = (ω −
k2

2m
− (Ak) · τ )−1

= G0(k, ω; A) + G1(k, ω; A) (Ak) · τ , (9)

where
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2
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,

G1(k, ω; A) =
1

(

ω − k2

2m

)2
− (Ak)2

.

(10)

Note that both G0 and G1 are invariant under the trans-
formation k → −k. The Green’s function in real space is
obtained via a Fourier transform, where the spin depen-
dence can be pulled in front of the integral by writing

(Ak)eik·R = −i(A∇)eik·R =
(

AR̂
)

(

−i
d

d|R|
eik·R

)

,

(11)
with R̂ = R/|R|. We thus obtain

G(R, ω; A) = G0(R, ω; A)+G1(R, ω; A)
(

AR̂
)

·τ , (12)

where

G1(R, ω; A) = −
i

4π2

∫

R2

d2k
d

d|R|
eik·RG1(k, ω; A).

(13)
Both G0(R) and G1(R) are invariant under the parity
transformation R → −R. It is a straightforward task to

perform the traces over the Pauli matrices in Eq. (7) (for
details, see Appendix A), and by specifying a coordinate
system where R̂ = x̂ one obtains from Eqs. (7) - (13) the
RKKY interaction in presence of Rashba and Dresselhaus
spin-orbit interactions:

HSO
RKKY = HHeis. + HRashba + HDress. + Hinterf., (14)

where

HHeis. = F0S1 · S2

HRashba = αF1 (S1 × S2)
y + α2F2S

y
1Sy

2

HDress. = βF1 (S1 × S2)
x + β2F2Sx

1 Sx
2

Hinterf. = αβF2 (Sx
1 Sy

2 + Sy
1Sx

2 ) .

(15)

Here Fi = Fi(α, β, R) are functions which in the gen-
eral case are given by rather complicated integrals. For
the case where only one type of spin-orbit interaction is
present, they have been obtained analytically in the limit
of large distances kF R & 1 and weak spin-orbit interac-
tion α, β ' !

2

m kF
29. One finds that

F0(0, α, R) = F0(α, 0, R) = − J2

2π2R2

m2

!2 sin 2R
q

k2
F + m2α2

!4

F1(0, α, R) = F1(α, 0, R) = F0(0,α,R)
α

sin 2mRα
!2

F2(0, α, R) = F2(α, 0, R) = F0(0,α,R)
α2

`

1 − cos 2mRα
!2

´

.
(16)

Note that we pulled the α → 0 asymptotics out in Eq.
(15), i.e. the functions Fi are finite for α = 0. For α and β
both nonzero, the integrals must be treated numerically.

The form of the interaction Hamiltonian in (14) (ob-
tained by choosing a coordinate system where R̂ = x̂)
is convenient for reading off the various special cases
of an RKKY interaction with no spin-orbit effects in-
cluded (HHeis.), the contribution from a pure Rashba in-
teraction (HRashba), the contribution from a pure Dres-
selhaus interaction (HDress.), as well as the contribution
to RKKY coming from the interference between the lat-
ter two when these are simultaneously present (Hinterf.).
While these expressions are suggestive for physical in-
terpretations there is actually a more useful choice of
coordinate system, obtained by choosing the angle be-
tween R̂ and ŷ equal to − arctan(α/β). With this choice
AR̂ = α

(

0, (α2 − β2) cos arctan(α/β)
)

, and only τy ap-
pears in the Green’s function. The interaction then takes
the simpler form

HRKKY = KHS1 · S2 + KIsingS
y
1Sy

2 + KDM (S1 × S2)
y .

(17)

The three terms in (17) can be identified with the Heisen-
berg, Ising, and Dzyaloshinsky-Moriya37,38 interactions,
respectively. Their coefficients KH, KIsing, KDM depend
on the distance between the two spins, the Kondo cou-
plings J1,2, and the spin-orbit couplings α and β. Since
HRKKY in (17) manifestly conserves U(1) spin symmetry
(spin rotations around the ŷ-axis), Eq. (17) is easier to
work with than the expression in (15), where it is less
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RKKY interaction in presence of Rashba and Dresselhaus
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Here Fi = Fi(α, β, R) are functions which in the gen-
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Note that we pulled the α → 0 asymptotics out in Eq.
(15), i.e. the functions Fi are finite for α = 0. For α and β
both nonzero, the integrals must be treated numerically.

The form of the interaction Hamiltonian in (14) (ob-
tained by choosing a coordinate system where R̂ = x̂)
is convenient for reading off the various special cases
of an RKKY interaction with no spin-orbit effects in-
cluded (HHeis.), the contribution from a pure Rashba in-
teraction (HRashba), the contribution from a pure Dres-
selhaus interaction (HDress.), as well as the contribution
to RKKY coming from the interference between the lat-
ter two when these are simultaneously present (Hinterf.).
While these expressions are suggestive for physical in-
terpretations there is actually a more useful choice of
coordinate system, obtained by choosing the angle be-
tween R̂ and ŷ equal to − arctan(α/β). With this choice
AR̂ = α

(

0, (α2 − β2) cos arctan(α/β)
)

, and only τy ap-
pears in the Green’s function. The interaction then takes
the simpler form

HRKKY = KHS1 · S2 + KIsingS
y
1Sy

2 + KDM (S1 × S2)
y .

(17)

The three terms in (17) can be identified with the Heisen-
berg, Ising, and Dzyaloshinsky-Moriya37,38 interactions,
respectively. Their coefficients KH, KIsing, KDM depend
on the distance between the two spins, the Kondo cou-
plings J1,2, and the spin-orbit couplings α and β. Since
HRKKY in (17) manifestly conserves U(1) spin symmetry
(spin rotations around the ŷ-axis), Eq. (17) is easier to
work with than the expression in (15), where it is less
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with ωF the Fermi level. Here G(R, ω) is the Green’s
function of a conduction electron with energy ω, with 2R
the distance between the localized spins (∼ the width of
the central reservoir in FIG. (1)). The trace is taken over
the two spin states of a conduction electron. The expres-
sion in Eq. (7) can easily be adapted to the case when
spin-orbit interactions are present by properly modify-
ing the single-electron Greens function G. The case of
a pure Rashba spin-orbit interaction was treated in Ref.
29. Here we will show that using a similar procedure as
in Ref. 29, the form of the RKKY interaction can be cal-
culated in the presence of both Rashba and Dresselhaus
interactions of arbitrary relative strength.

For this purpose it is convenient to write the 2D single-
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Note that both G0 and G1 are invariant under the trans-
formation k → −k. The Green’s function in real space is
obtained via a Fourier transform, where the spin depen-
dence can be pulled in front of the integral by writing
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Both G0(R) and G1(R) are invariant under the parity
transformation R → −R. It is a straightforward task to

perform the traces over the Pauli matrices in Eq. (7) (for
details, see Appendix A), and by specifying a coordinate
system where R̂ = x̂ one obtains from Eqs. (7) - (13) the
RKKY interaction in presence of Rashba and Dresselhaus
spin-orbit interactions:

HSO
RKKY = HHeis. + HRashba + HDress. + Hinterf., (14)
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Here Fi = Fi(α, β, R) are functions which in the gen-
eral case are given by rather complicated integrals. For
the case where only one type of spin-orbit interaction is
present, they have been obtained analytically in the limit
of large distances kF R & 1 and weak spin-orbit interac-
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Note that we pulled the α → 0 asymptotics out in Eq.
(15), i.e. the functions Fi are finite for α = 0. For α and β
both nonzero, the integrals must be treated numerically.

The form of the interaction Hamiltonian in (14) (ob-
tained by choosing a coordinate system where R̂ = x̂)
is convenient for reading off the various special cases
of an RKKY interaction with no spin-orbit effects in-
cluded (HHeis.), the contribution from a pure Rashba in-
teraction (HRashba), the contribution from a pure Dres-
selhaus interaction (HDress.), as well as the contribution
to RKKY coming from the interference between the lat-
ter two when these are simultaneously present (Hinterf.).
While these expressions are suggestive for physical in-
terpretations there is actually a more useful choice of
coordinate system, obtained by choosing the angle be-
tween R̂ and ŷ equal to − arctan(α/β). With this choice
AR̂ = α

(

0, (α2 − β2) cos arctan(α/β)
)

, and only τy ap-
pears in the Green’s function. The interaction then takes
the simpler form

HRKKY = KHS1 · S2 + KIsingS
y
1Sy

2 + KDM (S1 × S2)
y .

(17)

The three terms in (17) can be identified with the Heisen-
berg, Ising, and Dzyaloshinsky-Moriya37,38 interactions,
respectively. Their coefficients KH, KIsing, KDM depend
on the distance between the two spins, the Kondo cou-
plings J1,2, and the spin-orbit couplings α and β. Since
HRKKY in (17) manifestly conserves U(1) spin symmetry
(spin rotations around the ŷ-axis), Eq. (17) is easier to
work with than the expression in (15), where it is less
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Note that we pulled the α → 0 asymptotics out in Eq.
(15), i.e. the functions Fi are finite for α = 0. For α and β
both nonzero, the integrals must be treated numerically.

The form of the interaction Hamiltonian in (14) (ob-
tained by choosing a coordinate system where R̂ = x̂)
is convenient for reading off the various special cases
of an RKKY interaction with no spin-orbit effects in-
cluded (HHeis.), the contribution from a pure Rashba in-
teraction (HRashba), the contribution from a pure Dres-
selhaus interaction (HDress.), as well as the contribution
to RKKY coming from the interference between the lat-
ter two when these are simultaneously present (Hinterf.).
While these expressions are suggestive for physical in-
terpretations there is actually a more useful choice of
coordinate system, obtained by choosing the angle be-
tween R̂ and ŷ equal to − arctan(α/β). With this choice
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, and only τy ap-

pears in the Green’s function. The interaction then takes
the simpler form

HRKKY = KHS1 · S2 + KIsingS
y
1Sy

2 + KDM (S1 × S2)
y .

(17)

The three terms in (17) can be identified with the Heisen-
berg, Ising, and Dzyaloshinsky-Moriya37,38 interactions,
respectively. Their coefficients KH, KIsing, KDM depend
on the distance between the two spins, the Kondo cou-
plings J1,2, and the spin-orbit couplings α and β. Since
HRKKY in (17) manifestly conserves U(1) spin symmetry
(spin rotations around the ŷ-axis), Eq. (17) is easier to
work with than the expression in (15), where it is less
obvious how to exploit the U(1) symmetry. It is here no-
table that the structure of the interaction in Eq. (17) is

spin-orbit effect
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More useful choice of coordinate system: rotate x, y by
                              around the z-axis
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Bad news for RKKY-control of two-
qubit gating for spin-based quantum 
computing..?

 CNOT gate built from isotropic spin exchange!

anisotropic and non-collinear interaction

D. Loss and D.P. DiVincenzo, PRA 57, 120 (1998)
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SU(2) symmetry recovered when              !            
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SU(2) symmetry recovered when              ! 
Also predicted and observed in a 2DEG:
conservation of phase and amplitude of
a helical spin structure (“persistent spin helix”)
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B. A. Bernevig et al., PRL 97, 236601 (2006)
J. D. Koralek et al., Nature 458, 610 (2009)

from J. D. Koralek et al., Nature 458, 610 (2009)
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the same as that obtained for a pure Rashba spin-orbit
interactions in Ref. 29. In particular, the interference be-
tween the two types of spin-orbit interactions (Hinterf.) in
Eq. (15) does not produce a new structure in (17). On
the other hand, the parameters KH, KIsing, KDM do de-
pend differently on R,α and β in the general case. It
is also worth pointing out that the special case |α| = |β|
gives AR̂ = 0, which means that only the Heisenberg
term ∼ S1 · S2 appears in the RKKY interaction, like in
the absence of any spin-orbit interaction. The restoration
of the SU(2) symmetry for equal strengths of the Rashba
and Dresselhaus couplings has been noted earlier39, and
predicted to give rise to a persistent spin helix (PSH), a
helical spin density wave of infinite lifetime. The emer-
gence of a PSH was subsequently reported in an experi-
ment on GaAs quantum wells40.

In the following we will find it useful to express the
RKKY interaction in terms of the parameters Ky ≡
1
2 (KH + KIsing) and eiθK⊥ = KIsing + iKDM as

HRKKY = KySy
1Sy

2 +
1
2
eiθK⊥(Sz

1 + iSx
1 )(Sz

2 − iSx
2 )+h.c.

(18)
Equivalently, we can express HRKKY in terms of a rotated
second spin,

S′
2 = eiθSy

2 S2e
−iθSy

2 , (19)

in which case the RKKY interaction becomes29

HRKKY = K⊥S1 · S′
2 + (Ky −K⊥)Sy

1S′y2 . (20)

Note that in the special case of Eq. (16) with only Rashba
or Dresselhaus interaction present, the coefficient of the
second term in (20) vanishes and the RKKY interac-
tion in terms of a rotated second spin is purely of the
Heisenberg-type. For our purposes, the RKKY interac-
tion in the forms of (18) and (20) are most suitable and
will be used in the following.

III. KONDO EFFECT WITH SPIN-ORBIT
INTERACTIONS

Having analyzed the effect of spin-orbit interactions on
the RKKY coupling between the two localized spins we
we must now try to understand how spin-orbit interac-
tions influence the Kondo interaction per se. The case of
Rashba interaction was recently investigated in Ref. 31,
and we here extend the analysis to include also the Dres-
selhaus interaction. Since the non-trivial fixed point of
the TIKM is unstable against various perturbations (in
the language of the renormalization group), we propose a
slight modification of the setup that we have discussed so
far. The modified setup is depicted in FIG. (2), and has
the property that it protects the fixed point16. In the
absence of spin-orbit effects, and with the spinful dots
operated in the Coulomb blockade regime (so as to sup-
press charge transfer between dots and leads, as well as

between the dots and the reservoir), we can write the
effective low-energy Hamiltonian of the device as

H = Hkin + JS1 · σ1 + JS2 · σ2 + K(R)S1 · S2. (21)

Here σi = ψ†α
i (xi)τβ

α ψβi(xi) is the electronic spin den-
sity in lead i (i = 1, 2, with τ the vector of Pauli ma-
trices). The Kondo coupling J is generated to second
order in the tunneling rates, here assumed to be equal,
J ∼ V 2

1 /Ud, with Ud the charging energy of the dots.
Note that whereas in Eq. (1) the spin-densities of the
electrons in the central reservoir were coupled to both
spins, here the spin densities in lead i couple only to
the spin i. In effect, we have two single-impurity Kondo
models coupled via the RKKY interaction K(R)S1 · S2

between the impurity spins. The size of the RKKY cou-
pling K(R) is assumed to be much larger than the Kondo
temperature of the reservoir, hence the direct Kondo spin
exchanges between the localized electrons on the dots and
the electrons in the reservoir have been neglected in Eq.
(21). For more details on this, see Refs. 15,16.

FIG. 2: (color online) The physical system that allows for a
study of the non-trivial fixed point of the TIKM. The different
V are tunneling rates. The dots are operated in the Coulomb
blockade regime, where charge transfer between the reservoir
and dots as well as between the leads and the dots is strongly
suppressed.

To find out about the interplay of Kondo, RKKY, and
spin-orbit effects, let us begin by writing down the single-
impurity Kondo model in two spatial dimensions (x, y)
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Here |k, σ〉 = ψ†σ
k |0〉 are momentum eigenstates with σ

the spin z-component, and τ i are the Pauli matrices. As
before, α and β are the couplings for the Rashba and
Dresselhaus spin-orbit interactions, respectively, and we
assume a spherically symmetric free-electron dispersion
εk.

The single-impurity Kondo model in the presence of
only Rashba spin-orbit interaction (β = 0) was stud-
ied in Ref. 31 where it was found that the qualitative
low-energy properties of the model are unchanged by the
added interaction. This can be seen by writing the Kondo
model with spin-orbit interactions in the form of a two-
channel Kondo model, where the different channels of
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gence of a PSH was subsequently reported in an experi-
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the TIKM is unstable against various perturbations (in
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the property that it protects the fixed point16. In the
absence of spin-orbit effects, and with the spinful dots
operated in the Coulomb blockade regime (so as to sup-
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order in the tunneling rates, here assumed to be equal,
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1 /Ud, with Ud the charging energy of the dots.
Note that whereas in Eq. (1) the spin-densities of the
electrons in the central reservoir were coupled to both
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models coupled via the RKKY interaction K(R)S1 · S2

between the impurity spins. The size of the RKKY cou-
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temperature of the reservoir, hence the direct Kondo spin
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εk.
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only Rashba spin-orbit interaction (β = 0) was stud-
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low-energy properties of the model are unchanged by the
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By increasing the Kondo scale TK , the twisted 
and anisotropic RKKY interaction gets 
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the same as that obtained for a pure Rashba spin-orbit
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Note that in the special case of Eq. (16) with only Rashba
or Dresselhaus interaction present, the coefficient of the
second term in (20) vanishes and the RKKY interac-
tion in terms of a rotated second spin is purely of the
Heisenberg-type. For our purposes, the RKKY interac-
tion in the forms of (18) and (20) are most suitable and
will be used in the following.

III. KONDO EFFECT WITH SPIN-ORBIT
INTERACTIONS

Having analyzed the effect of spin-orbit interactions on
the RKKY coupling between the two localized spins we
we must now try to understand how spin-orbit interac-
tions influence the Kondo interaction per se. The case of
Rashba interaction was recently investigated in Ref. 31,
and we here extend the analysis to include also the Dres-
selhaus interaction. Since the non-trivial fixed point of
the TIKM is unstable against various perturbations (in
the language of the renormalization group), we propose a
slight modification of the setup that we have discussed so
far. The modified setup is depicted in FIG. (2), and has
the property that it protects the fixed point16. In the
absence of spin-orbit effects, and with the spinful dots
operated in the Coulomb blockade regime (so as to sup-
press charge transfer between dots and leads, as well as

between the dots and the reservoir), we can write the
effective low-energy Hamiltonian of the device as

H = Hkin + JS1 · σ1 + JS2 · σ2 + K(R)S1 · S2. (21)

Here σi = ψ†α
i (xi)τβ

α ψβi(xi) is the electronic spin den-
sity in lead i (i = 1, 2, with τ the vector of Pauli ma-
trices). The Kondo coupling J is generated to second
order in the tunneling rates, here assumed to be equal,
J ∼ V 2

1 /Ud, with Ud the charging energy of the dots.
Note that whereas in Eq. (1) the spin-densities of the
electrons in the central reservoir were coupled to both
spins, here the spin densities in lead i couple only to
the spin i. In effect, we have two single-impurity Kondo
models coupled via the RKKY interaction K(R)S1 · S2

between the impurity spins. The size of the RKKY cou-
pling K(R) is assumed to be much larger than the Kondo
temperature of the reservoir, hence the direct Kondo spin
exchanges between the localized electrons on the dots and
the electrons in the reservoir have been neglected in Eq.
(21). For more details on this, see Refs. 15,16.

FIG. 2: (color online) The physical system that allows for a
study of the non-trivial fixed point of the TIKM. The different
V are tunneling rates. The dots are operated in the Coulomb
blockade regime, where charge transfer between the reservoir
and dots as well as between the leads and the dots is strongly
suppressed.

To find out about the interplay of Kondo, RKKY, and
spin-orbit effects, let us begin by writing down the single-
impurity Kondo model in two spatial dimensions (x, y)
with an added spin-orbit interaction:

H =
∫

d2k εkψ†σ
k ψk,σ

+
∫

d2k

∫
d2k′ ψ†σ

k τσ′

σ ψk′,σ′ · S (22)

+
∫

d2k

∫
d2k′ 〈k, σ|Hs-o|k′, σ′〉ψ†σ

k ψk′,σ′ ,
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the spin z-component, and τ i are the Pauli matrices. As
before, α and β are the couplings for the Rashba and
Dresselhaus spin-orbit interactions, respectively, and we
assume a spherically symmetric free-electron dispersion
εk.
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only Rashba spin-orbit interaction (β = 0) was stud-
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Ising-coupled impurities, quantum 
phase transition at                  with
different behavior.

N. Andrei et al., PRB 60, 5125(R) (1999)
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Summary

Two-impurity Kondo model, recent results & work in progress...   

•   spin-orbit coupled electrons          
     RKKY interaction gets “twisted” with an Ising anisotropy    

•   SU(2) invariance recovered when |Rashba| = |Dresselhaus|
                                                   good for RKKY-controlled two-qubit gates

•   “fine-tuning” of                       quantum critical behavior 
     controlled by the isotropic TIKM fixed point

•  possible new unstable fixed point for   
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•   same leading scaling correction to the critical boundary
     entanglement as for single-impurity Kondo model

•   scaling corrections to the boundary entanglement with broken     
     symmetries (parity, charge, spin anisotropy,...)? work in progress  
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Critical behavior?
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