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Majorana zero modes
• What are they?

• Why are they interesting?

• How to get them? 

A new proposal: 
• Spin-orbit-coupled correlated electrons in one dimension

• Case study I: A periodically gated InAs quantum wire

• Case study II: Cold atoms? 

Outline



Dirac fermions 
what matter is made of...

Introduction: Dirac, Weyl, and Majorana

Paul Dirac 

P. A. M. Dirac, Proc. Royal Soc. A (1928)



Weyl fermions

Introduction: Dirac, Weyl, and Majorana

H. Weyl, Z. Physik (1929)

Hermann Weyl 



Weyl fermions

Prediction: emergent particles in Weyl semimetals
S. Murakami, NJP (2007); X. Wan et al., PRB (2011)
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Weyl fermions

Prediction: emergent particles in Weyl semimetals
S. Murakami, NJP (2007); X. Wan et al., PRB (2011)

Observed in ARPES experiments on TaAs 
S.-Y. Xu et al., Science (2015) 
B. Q. Lv et al., PRX (2015)

Introduction: Dirac, Weyl, and Majorana



“A great deal more was hidden in the Dirac equation than the author had
expected when he wrote it down in 1928. Dirac himself remarked in one 
of his talks that his equation was more intelligent than its author.”

                          Victor Weisskopf on Dirac

Introduction: Dirac, Weyl, and Majorana



Majorana fermions

Ettore Majorana

imaginary rep
real

Introduction: Dirac, Weyl, and Majorana

E. Majorana, Nuovo Cim. (1937)



Majorana fermions

particle = antiparticle

Introduction: Dirac, Weyl, and Majorana

Ettore Majorana

Majorana fermions

imaginary rep
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Are neutrinos Majoranas fermions?
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Introduction: Dirac, Weyl, and Majorana

Majorana fermions

imaginary rep
real

Are neutrinos Majorana fermions?



Majorana fermions

Introduction: Dirac, Weyl, and Majorana

Where else to look...?

imaginary rep
real



... in a superconductor!

Introduction: Majorana zero-modes

spinless 1D p-wave

2D px +ipy



Introduction: Majorana zero-modes

Energy gap for quasiparticles
1
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γ = c+ c†
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γB = i(c− c†)

γA = γ†
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Intrinsic particle-hole symmetry!
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The Majorana modes  
may separate spatially!
Nonlocal single-particle states!

Introduction: Majorana zero-modes
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Introduction: Majorana zero-modes

Kitaev chain:  toy model for a 1D p-wave superconductor
A. Y. Kitaev, Physics-Uspekhi (2001)
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Introduction: Majorana zero-modes

Kitaev chain:  toy model for a 1D p-wave superconductor
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                             is absent from the Hamiltonian!           
Pair of Majorana zero-energy modes bound to the edges.          
Two-fold degenerate ground state.
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Introduction: Majorana zero-modes

Kitaev chain: toy model for a 1D p-wave superconductor

       Topological phase
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ĥ(k) = h(k)/ |h(k) |

Hk = h(k) · σ

H + translational invariant perturbation

ci = (γi,1 + iγi,2)/2 c
†
i = (γi,1 − iγi,2)/2

{γi, γj} = 2δij

c̃
†
i = (γi+1,1 − iγi,2)/2

H = −µ

�

i

c
†
i ci −

1

2

�

i

(tc
†
i ci+1 +∆e

iφ
cici+1 +H.c.)

i 1 2 i+ 1

H = −it

N−1�

i=1

γi,2γi+1,1

H = 2t

N−1�

i=1

c̃
†
i c̃i

1

C
†
k = (c

†
k c−k)
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Introduction: Majorana zero-modes

2D px + ipy superconductors also host Majorana zero-modes, bound to vortices
Read & Green, PRB (2000) 

(one crossing of the branch cut)

Braid operator

Exchange of several Majorana 
modes do not commute!
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Non-abelian 

statistics
also for Majorana zero-modes  in 

1D p-wave superconductors

Alicea et al., Nat. Phys. (2011)...

...as well as for v=5/2 FQHE and 

cold atom proposals for Majoranas 

Moore & Read, NPB (1991)

Sato et al., PRL (2009)



Introduction: Majorana zero modes

Braiding which involves Majoranas from different fermions 
produce superpositions of different number states.
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Look at

Introduce qubit states
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The number states are delocalized and
hence robust against local perturbations.

Topological quantum computing?

Then,                                 on the Bloch sphere.
Majorana braidings = single-qubit rotations. 

1

|11� = c†ac
†
b |00�

ca = (γ1 + iγ2)/2 (1)

cb = (γ3 + iγ4)/2

B23 |00� = (|00�+ i |11�)/
√
2

| 0̄� = |00� (2)

| 1̄� = |11�

B23 = exp(−iπσx/4)

γ1 → −γ2 (3)

γ2 → +γ1

γi → B12γiB
†
12, i = 1, 2

[Bi−1,i, Bi,i+1] = γi−1γi+1

B12 =
1√
2
(1 + γ1γ2)

φ1

ν = ±1

C†
k = (c†k c−k)
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Introduction: Majorana zero modes

Experimental search for Majoranas in 1D p-wave superconductors
                                                           simplest, most easily accessible...

quantum wire



Introduction: Majorana zero modes
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Introduction: Majorana zero modes

E

k

EF

1
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Streda and Seba, PRL (2003)



Introduction: Majorana zero modes

quantum wire
E

k

EF

”spinless” 1D p-wave superconductor
by s-wave proximity effect
J. D. Sau et al., PRL (2010)
Y. Oreg et al., PRL (2010)
J. Alicea, PRB (2010)



conductance peaks 
indicate a midgap state...
Majorana zero mode?

V. Mourik et al., Science (2012)
reproduced in other experiments

Experimental search for Majoranas in 1D p-wave superconductors

Introduction: Majorana zero modes

spinful electrons
no Majoranas

Introduction: Majorana zero modes

no proximity pairing
no Majoranas



Introduction: Majorana zero modes

S. Nadj-Perge et al., Science (2014)

Experimental search for Majoranas in 1D p-wave superconductors



Introduction: Majorana zero modes

quantum wire

Experimental search for Majoranas in 1D p-wave superconductors

The magnetic field allows for tuning 
through the topological phase...

... but also creates some problems!

• weakened proximity effect
• enhanced susceptibility to disorder
• impractical for applications
• .... 

Can one do without the magnetic field?



Introduction: Majorana zero modes

Many ”magnet-free” schemes exploiting time-reversal symmetry,
allowing for paired Majoranas at the ends of the wire...
(”DIII symmetry class”, A. Schnyder et al., PRB (2008); A. Kitaev, AIP Conf. Proc. (2009)) 

Deng et al., PRL (2102)
Wong & Law, PRB (2012)
Zhang et al., PRL (2013)
Nakosai et al., PRL (2013)
Keselman et al., PRL (2013)
Sticlet et al., PRB (2013)
Chung et al., PRB (2013)
Liu et al., PRX (2014)
Dumitrescu et al., PRB (2014)
Gaidamauskas et al. PRL (2014)                  two channels with time-reversal symmetry
Haim et al., PRB (2014)
Klinovaja & Loss, PRB (2014)
Kotetes, PRB (2015)
... and more?

  



A new proposal for a topological superconductor...

quantum wire

... replacing the magnetic field by
a spatially modulated electric field

”D symmetry class” with unpaired 
Majoranas at the end of the wire
(robust against time-reversal breaking)

M. Malard, G. I. Japaridze, and H. J., to appear



A new proposal for a topological superconductor...

First step: generate a 1D helical electron liquid
G. I. Japaridze, H. J., and M. Malard, PRB (2014)



A new proposal for a topological superconductor...

weakly screened electron-electron interactions

First step: generate a 1D helical electron liquid, using:

a modulated Rashba spin-orbit interaction
from a ”keyboard” of charged top gates

a material with strong intrinsic 
Dresselhaus spin-orbit interaction



A new proposal for a topological superconductor...

Start with a spin-orbit coupled quantum wire.
Lowest spin-split bands:

fold into 1BZ



A new proposal for a topological superconductor...

Start with a spin-orbit coupled quantum wire.
Lowest spin-split bands:

”Turn on” the keyboard of top gates:
Modulated chemical potential & Rashba
spin-orbit interaction of wave number. 
                             (here p = 1, r = 3)

1

γ = c+ c
†

γA = c+ c
†

γB = i(c− c
†)

γA = γ†
A

γB = γ†
B

c =
1

2
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c
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1

2
(γA − iγB)

π − π 0

ĥ(k) :

H = HKitaev + any perturbations respecting translational symmetry (1)

=
�

k∈BZ

C
†
kHkCk (2)

Q = (2π/a)(p/r) (here r = 3, p = 1)



A new proposal for a topological superconductor...

Tune the Fermi level so that the outer  

Fermi points coincide with the BZ boundaries. 
Add e-e interaction.
Spontaneous breaking of time-reversal symmetry!
Gap opening!



A new proposal for a topological superconductor...

Low-energy ”inner branch”:
Helical electron liquid
 

Gapped ”outer branch”



A new proposal for a topological superconductor...

with a helical electron
liquid at low energies



A new proposal for a topological superconductor...

1D p-wave superconductor hosting Majorana zero modes?

Competition between superconducting proximity effect and
opening of an insulating gap in the ”outer branch”!

Does it work?



A new proposal for a topological superconductor...

To find out, consider the lattice model



A new proposal for a topological superconductor...



A new proposal for a topological superconductor...

linearization around 
the Fermi points

tune the Fermi level



A new proposal for a topological superconductor...

Low-energy limit and bosonization: proximity pairing effective SO coupling

”Luttinger liquid” 
interaction parameter

”nonstandard”!



A new proposal for a topological superconductor...

Low-energy limit and bosonization:



A new proposal for a topological superconductor...

Low-energy limit and bosonization:
outer branch

inner branch

branch mixing



A new proposal for a topological superconductor...

Low-energy limit and bosonization:
outer branch

inner branch

branch mixingThe two branches decouple

when the     -field gets pinned

by opening of an insulating

gap in the outer branch.  
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A new proposal for a topological superconductor...

Low-energy limit and bosonization:
outer branch

inner branch

branch mixing

p-wave topological phase

appears in the inner branch

by opening of an insulating

gap in the outer branch.  

The two branches decouple

when the     -field gets pinned

by opening of an insulating

gap in the outer branch.  
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A new proposal for a topological superconductor...

Low-energy limit and bosonization:
outer branch

integrate out 

5

left-moving field operators. A bosonization procedure is
applied in subsection III.B, casting the theory in a form
that will be analyzed within an RG formalism in subsec-
tion III.C.

A. Linearization of the spectrum

To fix a working ground (without loss of generality),
let us consider the lowest bands of FIG. 2(b). Using a
low-energy approach, we will show how these bands can
be evolved into the gapped band structure depicted in
FIG. 2(c). The first step is to choose the Fermi level so
that the outer Fermi points ±kF ±q0 reside at the bound-
aries of the first reduced BZ, implying Q = 2(kF + q0).
Here it is important to note that the modulation wave
number Q is likely to be preset in an experimental de-
vice. Thus, rather than choosing Q, it is instead kF that
is tuned − by filling up the system via a backgate − so
as to make the outer Fermi points touch the zone bound-
aries. Having thus defined the Fermi level, the next step
is to linearize the spectrum around the four Fermi points
±kF + τq0 (τ = ±). That calls for an extended zone
scheme that takes advantage of translational symmetry
to formally “disentangle” the bands at the boundaries of
the reduced BZ. This scheme is represented in FIG. 3(a)-
(b): the enclosed pieces of the + and − bands are dis-
placed by a reciprocal vector Q, rendering two parabolic-
like bands inside the extended zone. With this, the lin-
earization of the spectrum, as illustrated in FIG. 3(c),
can be carried out in the standard way.

extendedzone-eps-converted-to.pdf

FIG. 3: (a) Energy + and − bands with boxed segments
being displaced by a reciprocal vector. (b) Resulting spin-
split parabolic-like bands in the extended zone scheme. (c)
Linearization of the spectrum around the Fermi level.

The continuum limit of the low-energy (linearized) the-
ory is obtained through the transformations na → x,�

n →
�
dx/a and

dn,τ →
√
a(ei(+kF+τq0)xRτ (x) + e

i(−kF+τq0)xLτ (x)),

where Rτ (x) and Lτ (x) are fermionic field operators that
annihilate right- and left-moving excitations at the re-
spective Fermi points. Specifically, L− and R+ apply
to the “outer” Fermi points −kF − q0 and +kF + q0 re-
spectively, while L+ and R− apply to the “inner” ones,
−kF + q0 and +kF − q0 respectively.

Omitting rapidly oscillating terms that vanish upon
integration when Q = 2(kF + q0), we find that H →

�
dx (Houter +Hinner +He−e) where

Houter = −ivF (:R
†
+∂xR+ : − :L†
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+ λ(R†
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2
(:L†

τLτL
†
τ �Lτ � : +L → R), (12)

with vF = 2at̃ sin(kFa), λ = aγ�
RγD/γeff , g1 ∼ Ṽ (k ∼

2kF ), g2 ∼ Ṽ (k ∼ 0), Ṽ (k) being the Fourier transform of
the Coulomb potential, and where : ... : denotes normal
ordering. The backscattering process ∼ g1 is known to
be RG irrelevant in a Luttinger liquid? , and the same
holds true in the presence of spin-orbit interactions and
superconducting pairing? . Here we thus consider only
the dispersive and forward scattering processes ∼ g2 in
Eq. (??).

B. Bosonized theory

The physics of Eqs. (??)-(??) reveals itself in a more
transparent way if we go to a bosonized picture by ap-
plying the prescription? :

Rτ =
ηRτ√
2πa

e
−i

√
π(φi+τθi), (13)

Lτ =
ηLτ√
2πa

e
+i

√
π(φj+τθj), (14)

where i = 1 (2) applies to τ = +(−) and j = 1 (2) applies
to τ = − (+); φi(x) and θi(x) are dual bosonic fields
satisfying vF∂xθi = ∓∂tφi (with i = 1 (2) for the minus
(plus) sign), and ηR,L

τ are the Klein factors needed to
preserve the Fermi statistics of the Rτ and Lτ fields.
The bosonized Hamiltonian reads H =

�
dx (H�

outer+
H�

inner +Hmix) with

H
�
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2]− ∆

πa
sin(

�
4π

K
θ2),(16)

Hmix =
g2K

π
∂xφ1∂xφ2, (17)

where K = (1 + g2/(πvF ))−1/2 is the Luttinger param-
eter, and u = vF /2K is the Fermi velocity dressed by

Extended sine-Gordon model,
”self-dual” Gaussian fixed point at K=1/2 ! 

Can use perturbative RG
to determine the parameter intervals supporting a topological phase



A new proposal for a topological superconductor...

1-loop RG equations 
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Case study I: A periodically gated InAs quantum wire 
                      proximity coupled to a Nb superconductor

Case studies
1

T ≈ 0.1 K (1)
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Q = (2π/a)(p/r) (here r = 3, p = 1)

V. Mourik et al., Science (2012)
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Case studies

Implementation with cold atoms?

Many proposals for creating px + i py superfluids in cold fermionic atom optical traps...



Case studies

Implementation with cold atoms?

What about a 1D p-wave superfluid from modulated spin-orbit and atom interactions?
The present scheme requires:

•  Repulsively interacting fermionic atoms trapped in a 1D optical lattice.

•  Uniform coupling to Dresselhaus-type spin-orbit fields.  

•  A spatially modulated Rashba-type spin-orbit interaction.  

•  Effective s-wave proximity pairing. 

Experiments on 40K: Hubbard-like interactions in 3D from Feshbach resonance; 
Jördens et al., Nature  (2008); Schneider et al., Science (2008). 1D; Moritz et al., PRL (2005)  

Equal mixture of Rashba and Dresselhaus couplings from two-photon Raman transitions. 
Experiments on 40K and 6Li cold atoms; Wang et al., PRL (2012); Cheuk et al., PRL (2012)      

Theoretical proposal: Detuning from two-photon Raman resonance using a spatially
inhomogeneuous magnetic field; Su et al., New. J. Phys. (2015)      

?

Theoretical proposal: coupling to a surrounding BEC of Feshbach molecules via a pulsed
RF field; Jiang et al., PRL (2011).
 

?



Summary

”Proof-of-concept”: 1D p-wave superconducting phase hosting 
Majoranas possible in an ordinary quantum wire using an all-electric device.

periodic gating (modulated Rashba), 
intrinsic Dresselhaus, and weakly 
screened e-e interaction

Realization requires large values of the gate-controlled Rashba coupling. 
(Unattainable in present-day hybrid semiconductor-superconductor devices?)

1D p-wave superfluid from modulated Rashba, Dresselhaus and Feshbach?

For more, see
G. I. Japaridze, H. J., and M. Malard, Phys. Rev. B 89, 201403(R) (2014);
M. Malard, G. I. Japaridze, and H. J., to appear


