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?
consider a bunch of particles with repulsive interactions
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potential and kinetic energies...
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How to make large fluctuations and
induce a quantum phase transition?



Example: system of coupled qubits 
a degree of freedom that can be in a 

superposition of two states
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+ (|⇥2 |2 [1+ |� |2] + |⇥1⇥ |2

3
)Ẑ
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)Ẑ

⌥� |S |�� = �⌥+ |S |+�

|+� = ⇥1 | E1+�+⇥2 | H1+�

1

| ⇥⇥ ⌥ =

... ⇥ |⌅⌥j�1 ⇥ |⌅⌥j ⇥ |⌅⌥j+1 ⇥ ...

| ⇥⇤ ⌥ =

... ⇥ |⇧⌥j�1 ⇥ |⇧⌥j ⇥ |⇧⌥j+1 ⇥ ...

HIsing = �
⇤

j

⌅z
j⌅

z
j+1

H = ⇥jC2

qubit states are realized by spin-
1

2
states:

eigenstates of Sz =
�
2
⌅z =

�
2

�
1 0
0 �1

⇥
with eigenvalues ± �

2

|1⌥, |0⌥

|⌅⌥ =
�

1
0

⇥
, |⇧⌥ =

�
0
1

⇥
⌃ C2

|⇧⌥ = � |1⌥+ ⇥ |0⌥

|� |2 + |⇥ |2= 1

|⇧⌥ = � |⌅⌥+ ⇥ |⇧⌥

�x�p ⇤ �/2 !

⇤I = I � I0 (1)

1

g ⌅ 1

| �⇥ ⌦ =

... ⇥ |⌥⌦j�1 ⇥ |⌥⌦j ⇥ |⌥⌦j+1 ⇥ ...

g ⇧ 1

eigenstates | ⌥⌃⌦ ⇤ 1↵
2

�
|�⌦± | ⌦

⇥

with eigenvalues± 1 (1)

(2)

H quantum
Ising

= �
⇧

j

�z
j�

z
j+1 � g

⇧

j

�x
j

| �⇤ ⌦ =

... ⇥ |�⌦j�1 ⇥ |�⌦j ⇥ |�⌦j+1 ⇥ ...

| �⌅ ⌦ =

... ⇥ | ⌦j�1 ⇥ | ⌦j ⇥ | ⌦j+1 ⇥ ...

HIsing = �
⇧

j

�z
j�

z
j+1

H = ⇥jC2

qubit states are realized by spin-
1

2
states:

�x =

⇤
0 1
1 0

⌅

�y =

⇤
0 �i
i 0

⌅

�z =

⇤
1 0
0 �1

⌅

(3)

with spontaneous symmetry breaking 



1

H quantum
Ising

= �
⇤

j

⇤z
j⇤

z
j+1 � g

⇤

j

⇤x
j

| ⇥⇥ ⌥ =

... ⇥ |⌅⌥j�1 ⇥ |⌅⌥j ⇥ |⌅⌥j+1 ⇥ ...

| ⇥⇤ ⌥ =

... ⇥ |⇧⌥j�1 ⇥ |⇧⌥j ⇥ |⇧⌥j+1 ⇥ ...

HIsing = �
⇤

j

⇤z
j⇤

z
j+1

H = ⇥jC2

qubit states are realized by spin-
1

2
states:

eigenstates of Sz =
�
2
⇤z =

�
2

�
1 0
0 �1

⇥
with eigenvalues ± �

2

|1⌥, |0⌥

|⌅⌥ =
�

1
0

⇥
, |⇧⌥ =

�
0
1

⇥
⌃ C2

|⌅⌥ = � |1⌥+ ⇥ |0⌥

|� |2 + |⇥ |2= 1

|⌅⌥ = � |⌅⌥+ ⇥ |⇧⌥

�x�p ⇤ �/2 !

1

| � � � . . . ⌦

|⌥⌥⌥ . . . ⌦

g ⌅ 1

| �⇤ ⌦

| �⇥ ⌦

... ⇥ |⌥⌦j�1 ⇥ |⌥⌦j ⇥ |⌥⌦j+1 ⇥ ...

g ⇧ 1

eigenstates | ⌥⌃⌦ ⇤ 1↵
2

�
|�⌦± | ⌦

⇥

with eigenvalues± 1 (1)

(2)

H quantum
Ising

= �
⇤

j

�z
j�

z
j+1 � g

⇤

j

�x
j

| �⇤ ⌦ =

... ⇥ |�⌦j�1 ⇥ |�⌦j ⇥ |�⌦j+1 ⇥ ...

| �⌅ ⌦ =

... ⇥ | ⌦j�1 ⇥ | ⌦j ⇥ | ⌦j+1 ⇥ ...

HIsing = �
⇤

j

�z
j�

z
j+1

H = ⇥jC2

1

| � � � . . . ⌦

|⌥⌥⌥ . . . ⌦

g ⌅ 1

| �⇤ ⌦

| �⇥ ⌦

... ⇥ |⌥⌦j�1 ⇥ |⌥⌦j ⇥ |⌥⌦j+1 ⇥ ...

g ⇧ 1

eigenstates | ⌥⌃⌦ ⇤ 1↵
2

�
|�⌦± | ⌦

⇥

with eigenvalues± 1 (1)

(2)

H quantum
Ising

= �
⇤

j

�z
j�

z
j+1 � g

⇤

j

�x
j

| �⇤ ⌦ =

... ⇥ |�⌦j�1 ⇥ |�⌦j ⇥ |�⌦j+1 ⇥ ...

| �⌅ ⌦ =

... ⇥ | ⌦j�1 ⇥ | ⌦j ⇥ | ⌦j+1 ⇥ ...

HIsing = �
⇤

j

�z
j�

z
j+1

H = ⇥jC2

1

g 0

| � � � . . . ⌦

|⌥⌥⌥ . . . ⌦

g ⌅ 1

| �⇤ ⌦

| �⇥ ⌦

... ⇥ |⌥⌦j�1 ⇥ |⌥⌦j ⇥ |⌥⌦j+1 ⇥ ...

g ⇧ 1

eigenstates | ⌥⌃⌦ ⇤ 1↵
2

�
|�⌦± | ⌦

⇥

with eigenvalues± 1 (1)

(2)

H quantum
Ising

= �
⇤

j

�z
j�

z
j+1 � g

⇤

j

�x
j

| �⇤ ⌦ =

... ⇥ |�⌦j�1 ⇥ |�⌦j ⇥ |�⌦j+1 ⇥ ...

| �⌅ ⌦ =

... ⇥ | ⌦j�1 ⇥ | ⌦j ⇥ | ⌦j+1 ⇥ ...

HIsing = �
⇤

j

�z
j�

z
j+1

1

g 0

| � � � . . . ⌦

|⌥⌥⌥ . . . ⌦

g ⌅ 1

| �⇤ ⌦

| �⇥ ⌦

... ⇥ |⌥⌦j�1 ⇥ |⌥⌦j ⇥ |⌥⌦j+1 ⇥ ...

g ⇧ 1

eigenstates | ⌥⌃⌦ ⇤ 1↵
2

�
|�⌦± | ⌦

⇥

with eigenvalues± 1 (1)

(2)

H quantum
Ising

= �
⇤

j

�z
j�

z
j+1 � g

⇤

j

�x
j

| �⇤ ⌦ =

... ⇥ |�⌦j�1 ⇥ |�⌦j ⇥ |�⌦j+1 ⇥ ...

| �⌅ ⌦ =

... ⇥ | ⌦j�1 ⇥ | ⌦j ⇥ | ⌦j+1 ⇥ ...

HIsing = �
⇤

j

�z
j�

z
j+1

?



1

H quantum
Ising

= �
⇤

j

⇤z
j⇤

z
j+1 � g

⇤

j

⇤x
j

| ⇥⇥ ⌥ =

... ⇥ |⌅⌥j�1 ⇥ |⌅⌥j ⇥ |⌅⌥j+1 ⇥ ...

| ⇥⇤ ⌥ =

... ⇥ |⇧⌥j�1 ⇥ |⇧⌥j ⇥ |⇧⌥j+1 ⇥ ...

HIsing = �
⇤

j

⇤z
j⇤

z
j+1

H = ⇥jC2

qubit states are realized by spin-
1

2
states:

eigenstates of Sz =
�
2
⇤z =

�
2

�
1 0
0 �1

⇥
with eigenvalues ± �

2

|1⌥, |0⌥

|⌅⌥ =
�

1
0

⇥
, |⇧⌥ =

�
0
1

⇥
⌃ C2

|⌅⌥ = � |1⌥+ ⇥ |0⌥

|� |2 + |⇥ |2= 1

|⌅⌥ = � |⌅⌥+ ⇥ |⇧⌥

�x�p ⇤ �/2 !

1

| � � � . . . ⌦

|⌥⌥⌥ . . . ⌦

g ⌅ 1

| �⇤ ⌦

| �⇥ ⌦

... ⇥ |⌥⌦j�1 ⇥ |⌥⌦j ⇥ |⌥⌦j+1 ⇥ ...

g ⇧ 1

eigenstates | ⌥⌃⌦ ⇤ 1↵
2

�
|�⌦± | ⌦

⇥

with eigenvalues± 1 (1)

(2)

H quantum
Ising

= �
⇤

j

�z
j�

z
j+1 � g

⇤

j

�x
j

| �⇤ ⌦ =

... ⇥ |�⌦j�1 ⇥ |�⌦j ⇥ |�⌦j+1 ⇥ ...

| �⌅ ⌦ =

... ⇥ | ⌦j�1 ⇥ | ⌦j ⇥ | ⌦j+1 ⇥ ...

HIsing = �
⇤

j

�z
j�

z
j+1

H = ⇥jC2

1

| � � � . . . ⌦

|⌥⌥⌥ . . . ⌦

g ⌅ 1

| �⇤ ⌦

| �⇥ ⌦

... ⇥ |⌥⌦j�1 ⇥ |⌥⌦j ⇥ |⌥⌦j+1 ⇥ ...

g ⇧ 1

eigenstates | ⌥⌃⌦ ⇤ 1↵
2

�
|�⌦± | ⌦

⇥

with eigenvalues± 1 (1)

(2)

H quantum
Ising

= �
⇤

j

�z
j�

z
j+1 � g

⇤

j

�x
j

| �⇤ ⌦ =

... ⇥ |�⌦j�1 ⇥ |�⌦j ⇥ |�⌦j+1 ⇥ ...

| �⌅ ⌦ =

... ⇥ | ⌦j�1 ⇥ | ⌦j ⇥ | ⌦j+1 ⇥ ...

HIsing = �
⇤

j

�z
j�

z
j+1

H = ⇥jC2

1

g 0

| � � � . . . ⌦

|⌥⌥⌥ . . . ⌦

g ⌅ 1

| �⇤ ⌦

| �⇥ ⌦

... ⇥ |⌥⌦j�1 ⇥ |⌥⌦j ⇥ |⌥⌦j+1 ⇥ ...

g ⇧ 1

eigenstates | ⌥⌃⌦ ⇤ 1↵
2

�
|�⌦± | ⌦

⇥

with eigenvalues± 1 (1)

(2)

H quantum
Ising

= �
⇤

j

�z
j�

z
j+1 � g

⇤

j

�x
j

| �⇤ ⌦ =

... ⇥ |�⌦j�1 ⇥ |�⌦j ⇥ |�⌦j+1 ⇥ ...

| �⌅ ⌦ =

... ⇥ | ⌦j�1 ⇥ | ⌦j ⇥ | ⌦j+1 ⇥ ...

HIsing = �
⇤

j

�z
j�

z
j+1

1

g 0

| � � � . . . ⌦

|⌥⌥⌥ . . . ⌦

g ⌅ 1

| �⇤ ⌦

| �⇥ ⌦

... ⇥ |⌥⌦j�1 ⇥ |⌥⌦j ⇥ |⌥⌦j+1 ⇥ ...

g ⇧ 1

eigenstates | ⌥⌃⌦ ⇤ 1↵
2

�
|�⌦± | ⌦

⇥

with eigenvalues± 1 (1)

(2)

H quantum
Ising

= �
⇤

j

�z
j�

z
j+1 � g

⇤

j

�x
j

| �⇤ ⌦ =

... ⇥ |�⌦j�1 ⇥ |�⌦j ⇥ |�⌦j+1 ⇥ ...

| �⌅ ⌦ =

... ⇥ | ⌦j�1 ⇥ | ⌦j ⇥ | ⌦j+1 ⇥ ...

HIsing = �
⇤

j

�z
j�

z
j+1

?

1

⌦�z
j ↵

|�↵j | ↵j

�x |�↵ =| ↵

g 0

| � � � . . . ↵

|⌥⌥⌥ . . . ↵

g ⌅ 1

| �⇤ ↵

| �⇥ ↵

... ⇥ |⌥↵j�1 ⇥ |⌥↵j ⇥ |⌥↵j+1 ⇥ ...

g ⇧ 1

eigenstates | ⌥⌃↵ ⇤ 1�
2

�
|�↵± | ↵

⇥

with eigenvalues± 1 (1)

(2)

H quantum
Ising

= �
⇤

j

�z
j�

z
j+1 � g

⇤

j

�x
j

| �⇤ ↵ =

... ⇥ |�↵j�1 ⇥ |�↵j ⇥ |�↵j+1 ⇥ ...



1

H quantum
Ising

= �
⇤

j

⇤z
j⇤

z
j+1 � g

⇤

j

⇤x
j

| ⇥⇥ ⌥ =

... ⇥ |⌅⌥j�1 ⇥ |⌅⌥j ⇥ |⌅⌥j+1 ⇥ ...

| ⇥⇤ ⌥ =

... ⇥ |⇧⌥j�1 ⇥ |⇧⌥j ⇥ |⇧⌥j+1 ⇥ ...

HIsing = �
⇤

j

⇤z
j⇤

z
j+1

H = ⇥jC2

qubit states are realized by spin-
1

2
states:

eigenstates of Sz =
�
2
⇤z =

�
2

�
1 0
0 �1

⇥
with eigenvalues ± �

2

|1⌥, |0⌥

|⌅⌥ =
�

1
0

⇥
, |⇧⌥ =

�
0
1

⇥
⌃ C2

|⌅⌥ = � |1⌥+ ⇥ |0⌥

|� |2 + |⇥ |2= 1

|⌅⌥ = � |⌅⌥+ ⇥ |⇧⌥

�x�p ⇤ �/2 !

1

g 0

| � � � . . . ⌦

|⌥⌥⌥ . . . ⌦

g ⌅ 1

| �⇤ ⌦

| �⇥ ⌦

... ⇥ |⌥⌦j�1 ⇥ |⌥⌦j ⇥ |⌥⌦j+1 ⇥ ...

g ⇧ 1

eigenstates | ⌥⌃⌦ ⇤ 1↵
2

�
|�⌦± | ⌦

⇥

with eigenvalues± 1 (1)

(2)

H quantum
Ising

= �
⇤

j

�z
j�

z
j+1 � g

⇤

j

�x
j

| �⇤ ⌦ =

... ⇥ |�⌦j�1 ⇥ |�⌦j ⇥ |�⌦j+1 ⇥ ...

| �⌅ ⌦ =

... ⇥ | ⌦j�1 ⇥ | ⌦j ⇥ | ⌦j+1 ⇥ ...

HIsing = �
⇤

j

�z
j�

z
j+1

1

g 0

| � � � . . . ⌦

|⌥⌥⌥ . . . ⌦

g ⌅ 1

| �⇤ ⌦

| �⇥ ⌦

... ⇥ |⌥⌦j�1 ⇥ |⌥⌦j ⇥ |⌥⌦j+1 ⇥ ...

g ⇧ 1

eigenstates | ⌥⌃⌦ ⇤ 1↵
2

�
|�⌦± | ⌦

⇥

with eigenvalues± 1 (1)

(2)

H quantum
Ising

= �
⇤

j

�z
j�

z
j+1 � g

⇤

j

�x
j

| �⇤ ⌦ =

... ⇥ |�⌦j�1 ⇥ |�⌦j ⇥ |�⌦j+1 ⇥ ...

| �⌅ ⌦ =

... ⇥ | ⌦j�1 ⇥ | ⌦j ⇥ | ⌦j+1 ⇥ ...

HIsing = �
⇤

j

�z
j�

z
j+1

1

⌦�z
j ↵

|�↵j | ↵j

�x |�↵ =| ↵

g 0

| � � � . . . ↵

|⌥⌥⌥ . . . ↵

g ⌅ 1

| �⇤ ↵

| �⇥ ↵

... ⇥ |⌥↵j�1 ⇥ |⌥↵j ⇥ |⌥↵j+1 ⇥ ...

g ⇧ 1

eigenstates | ⌥⌃↵ ⇤ 1�
2

�
|�↵± | ↵

⇥

with eigenvalues± 1 (1)

(2)

H quantum
Ising

= �
⇤

j

�z
j�

z
j+1 � g

⇤

j

�x
j

| �⇤ ↵ =

... ⇥ |�↵j�1 ⇥ |�↵j ⇥ |�↵j+1 ⇥ ...

1

⌦�z
j ↵

|�↵j | ↵j

�x |�↵ =| ↵

gc 0

| � � � . . . ↵

|⌥⌥⌥ . . . ↵

g ⌅ 1

| �⇤ ↵

| �⇥ ↵

... ⇥ |⌥↵j�1 ⇥ |⌥↵j ⇥ |⌥↵j+1 ⇥ ...

g ⇧ 1

eigenstates | ⌥⌃↵ ⇤ 1�
2

�
|�↵± | ↵

⇥

with eigenvalues± 1 (1)

(2)

H quantum
Ising

= �
⇤

j

�z
j�

z
j+1 � g

⇤

j

�x
j

| �⇤ ↵ =

... ⇥ |�↵j�1 ⇥ |�↵j ⇥ |�↵j+1 ⇥ ...



1

H quantum
Ising

= �
⇤

j

⇤z
j⇤

z
j+1 � g

⇤

j

⇤x
j

| ⇥⇥ ⌥ =

... ⇥ |⌅⌥j�1 ⇥ |⌅⌥j ⇥ |⌅⌥j+1 ⇥ ...

| ⇥⇤ ⌥ =

... ⇥ |⇧⌥j�1 ⇥ |⇧⌥j ⇥ |⇧⌥j+1 ⇥ ...

HIsing = �
⇤

j

⇤z
j⇤

z
j+1

H = ⇥jC2

qubit states are realized by spin-
1

2
states:

eigenstates of Sz =
�
2
⇤z =

�
2

�
1 0
0 �1

⇥
with eigenvalues ± �

2

|1⌥, |0⌥

|⌅⌥ =
�

1
0

⇥
, |⇧⌥ =

�
0
1

⇥
⌃ C2

|⌅⌥ = � |1⌥+ ⇥ |0⌥

|� |2 + |⇥ |2= 1

|⌅⌥ = � |⌅⌥+ ⇥ |⇧⌥

�x�p ⇤ �/2 !

1

g 0

| � � � . . . ⌦

|⌥⌥⌥ . . . ⌦

g ⌅ 1

| �⇤ ⌦

| �⇥ ⌦

... ⇥ |⌥⌦j�1 ⇥ |⌥⌦j ⇥ |⌥⌦j+1 ⇥ ...

g ⇧ 1

eigenstates | ⌥⌃⌦ ⇤ 1↵
2

�
|�⌦± | ⌦

⇥

with eigenvalues± 1 (1)

(2)

H quantum
Ising

= �
⇤

j

�z
j�

z
j+1 � g

⇤

j

�x
j

| �⇤ ⌦ =

... ⇥ |�⌦j�1 ⇥ |�⌦j ⇥ |�⌦j+1 ⇥ ...

| �⌅ ⌦ =

... ⇥ | ⌦j�1 ⇥ | ⌦j ⇥ | ⌦j+1 ⇥ ...

HIsing = �
⇤

j

�z
j�

z
j+1

1

g 0

| � � � . . . ⌦

|⌥⌥⌥ . . . ⌦

g ⌅ 1

| �⇤ ⌦

| �⇥ ⌦

... ⇥ |⌥⌦j�1 ⇥ |⌥⌦j ⇥ |⌥⌦j+1 ⇥ ...

g ⇧ 1

eigenstates | ⌥⌃⌦ ⇤ 1↵
2

�
|�⌦± | ⌦

⇥

with eigenvalues± 1 (1)

(2)

H quantum
Ising

= �
⇤

j

�z
j�

z
j+1 � g

⇤

j

�x
j

| �⇤ ⌦ =

... ⇥ |�⌦j�1 ⇥ |�⌦j ⇥ |�⌦j+1 ⇥ ...

| �⌅ ⌦ =

... ⇥ | ⌦j�1 ⇥ | ⌦j ⇥ | ⌦j+1 ⇥ ...

HIsing = �
⇤

j

�z
j�

z
j+1

1

⌦�z
j ↵

|�↵j | ↵j

�x |�↵ =| ↵

g 0

| � � � . . . ↵

|⌥⌥⌥ . . . ↵

g ⌅ 1

| �⇤ ↵

| �⇥ ↵

... ⇥ |⌥↵j�1 ⇥ |⌥↵j ⇥ |⌥↵j+1 ⇥ ...

g ⇧ 1

eigenstates | ⌥⌃↵ ⇤ 1�
2

�
|�↵± | ↵

⇥

with eigenvalues± 1 (1)

(2)

H quantum
Ising

= �
⇤

j

�z
j�

z
j+1 � g

⇤

j

�x
j

| �⇤ ↵ =

... ⇥ |�↵j�1 ⇥ |�↵j ⇥ |�↵j+1 ⇥ ...

1

⌦�z
j ↵

|�↵j | ↵j

�x |�↵ =| ↵

gc 0

| � � � . . . ↵

|⌥⌥⌥ . . . ↵

g ⌅ 1

| �⇤ ↵

| �⇥ ↵

... ⇥ |⌥↵j�1 ⇥ |⌥↵j ⇥ |⌥↵j+1 ⇥ ...

g ⇧ 1

eigenstates | ⌥⌃↵ ⇤ 1�
2

�
|�↵± | ↵

⇥

with eigenvalues± 1 (1)

(2)

H quantum
Ising

= �
⇤

j

�z
j�

z
j+1 � g

⇤

j

�x
j

| �⇤ ↵ =

... ⇥ |�↵j�1 ⇥ |�↵j ⇥ |�↵j+1 ⇥ ...

quantum critical point



1

H quantum
Ising

= �
⇤

j

⇤z
j⇤

z
j+1 � g

⇤

j

⇤x
j

| ⇥⇥ ⌥ =

... ⇥ |⌅⌥j�1 ⇥ |⌅⌥j ⇥ |⌅⌥j+1 ⇥ ...

| ⇥⇤ ⌥ =

... ⇥ |⇧⌥j�1 ⇥ |⇧⌥j ⇥ |⇧⌥j+1 ⇥ ...

HIsing = �
⇤

j

⇤z
j⇤

z
j+1

H = ⇥jC2

qubit states are realized by spin-
1

2
states:

eigenstates of Sz =
�
2
⇤z =

�
2

�
1 0
0 �1

⇥
with eigenvalues ± �

2

|1⌥, |0⌥

|⌅⌥ =
�

1
0

⇥
, |⇧⌥ =

�
0
1

⇥
⌃ C2

|⌅⌥ = � |1⌥+ ⇥ |0⌥

|� |2 + |⇥ |2= 1

|⌅⌥ = � |⌅⌥+ ⇥ |⇧⌥

�x�p ⇤ �/2 !

1

g 0

| � � � . . . ⌦

|⌥⌥⌥ . . . ⌦

g ⌅ 1

| �⇤ ⌦

| �⇥ ⌦

... ⇥ |⌥⌦j�1 ⇥ |⌥⌦j ⇥ |⌥⌦j+1 ⇥ ...

g ⇧ 1

eigenstates | ⌥⌃⌦ ⇤ 1↵
2

�
|�⌦± | ⌦

⇥

with eigenvalues± 1 (1)

(2)

H quantum
Ising

= �
⇤

j

�z
j�

z
j+1 � g

⇤

j

�x
j

| �⇤ ⌦ =

... ⇥ |�⌦j�1 ⇥ |�⌦j ⇥ |�⌦j+1 ⇥ ...

| �⌅ ⌦ =

... ⇥ | ⌦j�1 ⇥ | ⌦j ⇥ | ⌦j+1 ⇥ ...

HIsing = �
⇤

j

�z
j�

z
j+1

1

g 0

| � � � . . . ⌦

|⌥⌥⌥ . . . ⌦

g ⌅ 1

| �⇤ ⌦

| �⇥ ⌦

... ⇥ |⌥⌦j�1 ⇥ |⌥⌦j ⇥ |⌥⌦j+1 ⇥ ...

g ⇧ 1

eigenstates | ⌥⌃⌦ ⇤ 1↵
2

�
|�⌦± | ⌦

⇥

with eigenvalues± 1 (1)

(2)

H quantum
Ising

= �
⇤

j

�z
j�

z
j+1 � g

⇤

j

�x
j

| �⇤ ⌦ =

... ⇥ |�⌦j�1 ⇥ |�⌦j ⇥ |�⌦j+1 ⇥ ...

| �⌅ ⌦ =

... ⇥ | ⌦j�1 ⇥ | ⌦j ⇥ | ⌦j+1 ⇥ ...

HIsing = �
⇤

j

�z
j�

z
j+1

1

⌦�z
j ↵

|�↵j | ↵j

�x |�↵ =| ↵

g 0

| � � � . . . ↵

|⌥⌥⌥ . . . ↵

g ⌅ 1

| �⇤ ↵

| �⇥ ↵

... ⇥ |⌥↵j�1 ⇥ |⌥↵j ⇥ |⌥↵j+1 ⇥ ...

g ⇧ 1

eigenstates | ⌥⌃↵ ⇤ 1�
2

�
|�↵± | ↵

⇥

with eigenvalues± 1 (1)

(2)

H quantum
Ising

= �
⇤

j

�z
j�

z
j+1 � g

⇤

j

�x
j

| �⇤ ↵ =

... ⇥ |�↵j�1 ⇥ |�↵j ⇥ |�↵j+1 ⇥ ...

1

⌦�z
j ↵

|�↵j | ↵j

�x |�↵ =| ↵

gc 0

| � � � . . . ↵

|⌥⌥⌥ . . . ↵

g ⌅ 1

| �⇤ ↵

| �⇥ ↵

... ⇥ |⌥↵j�1 ⇥ |⌥↵j ⇥ |⌥↵j+1 ⇥ ...

g ⇧ 1

eigenstates | ⌥⌃↵ ⇤ 1�
2

�
|�↵± | ↵

⇥

with eigenvalues± 1 (1)

(2)

H quantum
Ising

= �
⇤

j

�z
j�

z
j+1 � g

⇤

j

�x
j

| �⇤ ↵ =

... ⇥ |�↵j�1 ⇥ |�↵j ⇥ |�↵j+1 ⇥ ...

1

⇥ ⇤
⇤↵�z

j �
⇤g

⇤ (gc � g)�� , gc > g

N = 2m,m  N

{ |⌥�j , |��j}

CQ

�R = CQ
kBT

�

↵�z
j � ⌦= 0 ↵�z

j � = 0

|⌥�j |��j

�x |⌥� =|��

gc 0

| ⌥ ⌥ ⌥ . . . �

|⌃⌃⌃ . . . �

g ⌅ 1

| ⇥⇤ �

| ⇥⇥ �

... ⇥ |⌃�j�1 ⇥ |⌃�j ⇥ |⌃�j+1 ⇥ ...

g ⇧ 1



1

H quantum
Ising

= �
⇤

j

⇤z
j⇤

z
j+1 � g

⇤

j

⇤x
j

| ⇥⇥ ⌥ =

... ⇥ |⌅⌥j�1 ⇥ |⌅⌥j ⇥ |⌅⌥j+1 ⇥ ...

| ⇥⇤ ⌥ =

... ⇥ |⇧⌥j�1 ⇥ |⇧⌥j ⇥ |⇧⌥j+1 ⇥ ...

HIsing = �
⇤

j

⇤z
j⇤

z
j+1

H = ⇥jC2

qubit states are realized by spin-
1

2
states:

eigenstates of Sz =
�
2
⇤z =

�
2

�
1 0
0 �1

⇥
with eigenvalues ± �

2

|1⌥, |0⌥

|⌅⌥ =
�

1
0

⇥
, |⇧⌥ =

�
0
1

⇥
⌃ C2

|⌅⌥ = � |1⌥+ ⇥ |0⌥

|� |2 + |⇥ |2= 1

|⌅⌥ = � |⌅⌥+ ⇥ |⇧⌥

�x�p ⇤ �/2 !

1

g 0

| � � � . . . ⌦

|⌥⌥⌥ . . . ⌦

g ⌅ 1

| �⇤ ⌦

| �⇥ ⌦

... ⇥ |⌥⌦j�1 ⇥ |⌥⌦j ⇥ |⌥⌦j+1 ⇥ ...

g ⇧ 1

eigenstates | ⌥⌃⌦ ⇤ 1↵
2

�
|�⌦± | ⌦

⇥

with eigenvalues± 1 (1)

(2)

H quantum
Ising

= �
⇤

j

�z
j�

z
j+1 � g

⇤

j

�x
j

| �⇤ ⌦ =

... ⇥ |�⌦j�1 ⇥ |�⌦j ⇥ |�⌦j+1 ⇥ ...

| �⌅ ⌦ =

... ⇥ | ⌦j�1 ⇥ | ⌦j ⇥ | ⌦j+1 ⇥ ...

HIsing = �
⇤

j

�z
j�

z
j+1

1

g 0

| � � � . . . ⌦

|⌥⌥⌥ . . . ⌦

g ⌅ 1

| �⇤ ⌦

| �⇥ ⌦

... ⇥ |⌥⌦j�1 ⇥ |⌥⌦j ⇥ |⌥⌦j+1 ⇥ ...

g ⇧ 1

eigenstates | ⌥⌃⌦ ⇤ 1↵
2

�
|�⌦± | ⌦

⇥

with eigenvalues± 1 (1)

(2)

H quantum
Ising

= �
⇤

j

�z
j�

z
j+1 � g

⇤

j

�x
j

| �⇤ ⌦ =

... ⇥ |�⌦j�1 ⇥ |�⌦j ⇥ |�⌦j+1 ⇥ ...

| �⌅ ⌦ =

... ⇥ | ⌦j�1 ⇥ | ⌦j ⇥ | ⌦j+1 ⇥ ...

HIsing = �
⇤

j

�z
j�

z
j+1

1

⌦�z
j ↵

|�↵j | ↵j

�x |�↵ =| ↵

g 0

| � � � . . . ↵

|⌥⌥⌥ . . . ↵

g ⌅ 1

| �⇤ ↵

| �⇥ ↵

... ⇥ |⌥↵j�1 ⇥ |⌥↵j ⇥ |⌥↵j+1 ⇥ ...

g ⇧ 1

eigenstates | ⌥⌃↵ ⇤ 1�
2

�
|�↵± | ↵

⇥

with eigenvalues± 1 (1)

(2)

H quantum
Ising

= �
⇤

j

�z
j�

z
j+1 � g

⇤

j

�x
j

| �⇤ ↵ =

... ⇥ |�↵j�1 ⇥ |�↵j ⇥ |�↵j+1 ⇥ ...

1

⌦�z
j ↵

|�↵j | ↵j

�x |�↵ =| ↵

gc 0

| � � � . . . ↵

|⌥⌥⌥ . . . ↵

g ⌅ 1

| �⇤ ↵

| �⇥ ↵

... ⇥ |⌥↵j�1 ⇥ |⌥↵j ⇥ |⌥↵j+1 ⇥ ...

g ⇧ 1

eigenstates | ⌥⌃↵ ⇤ 1�
2

�
|�↵± | ↵

⇥

with eigenvalues± 1 (1)

(2)

H quantum
Ising

= �
⇤

j

�z
j�

z
j+1 � g

⇤

j

�x
j

| �⇤ ↵ =

... ⇥ |�↵j�1 ⇥ |�↵j ⇥ |�↵j+1 ⇥ ...

critical exponent

1

⇥ ⇤
⇤↵�z

j �
⇤g

⇤ (gc � g)�� , gc > g

N = 2m,m  N

{ |⌥�j , |��j}

CQ

�R = CQ
kBT

�

↵�z
j � ⌦= 0 ↵�z

j � = 0

|⌥�j |��j

�x |⌥� =|��

gc 0

| ⌥ ⌥ ⌥ . . . �

|⌃⌃⌃ . . . �

g ⌅ 1

| ⇥⇤ �

| ⇥⇥ �

... ⇥ |⌃�j�1 ⇥ |⌃�j ⇥ |⌃�j+1 ⇥ ...

g ⇧ 1



1

H quantum
Ising

= �
⇤

j

⇤z
j⇤

z
j+1 � g

⇤

j

⇤x
j

| ⇥⇥ ⌥ =

... ⇥ |⌅⌥j�1 ⇥ |⌅⌥j ⇥ |⌅⌥j+1 ⇥ ...

| ⇥⇤ ⌥ =

... ⇥ |⇧⌥j�1 ⇥ |⇧⌥j ⇥ |⇧⌥j+1 ⇥ ...

HIsing = �
⇤

j

⇤z
j⇤

z
j+1

H = ⇥jC2

qubit states are realized by spin-
1

2
states:

eigenstates of Sz =
�
2
⇤z =

�
2

�
1 0
0 �1

⇥
with eigenvalues ± �

2

|1⌥, |0⌥

|⌅⌥ =
�

1
0

⇥
, |⇧⌥ =

�
0
1

⇥
⌃ C2

|⌅⌥ = � |1⌥+ ⇥ |0⌥

|� |2 + |⇥ |2= 1

|⌅⌥ = � |⌅⌥+ ⇥ |⇧⌥

�x�p ⇤ �/2 !

1

g 0

| � � � . . . ⌦

|⌥⌥⌥ . . . ⌦

g ⌅ 1

| �⇤ ⌦

| �⇥ ⌦

... ⇥ |⌥⌦j�1 ⇥ |⌥⌦j ⇥ |⌥⌦j+1 ⇥ ...

g ⇧ 1

eigenstates | ⌥⌃⌦ ⇤ 1↵
2

�
|�⌦± | ⌦

⇥

with eigenvalues± 1 (1)

(2)

H quantum
Ising

= �
⇤

j

�z
j�

z
j+1 � g

⇤

j

�x
j

| �⇤ ⌦ =

... ⇥ |�⌦j�1 ⇥ |�⌦j ⇥ |�⌦j+1 ⇥ ...

| �⌅ ⌦ =

... ⇥ | ⌦j�1 ⇥ | ⌦j ⇥ | ⌦j+1 ⇥ ...

HIsing = �
⇤

j

�z
j�

z
j+1

1

g 0

| � � � . . . ⌦

|⌥⌥⌥ . . . ⌦

g ⌅ 1

| �⇤ ⌦

| �⇥ ⌦

... ⇥ |⌥⌦j�1 ⇥ |⌥⌦j ⇥ |⌥⌦j+1 ⇥ ...

g ⇧ 1

eigenstates | ⌥⌃⌦ ⇤ 1↵
2

�
|�⌦± | ⌦

⇥

with eigenvalues± 1 (1)

(2)

H quantum
Ising

= �
⇤

j

�z
j�

z
j+1 � g

⇤

j

�x
j

| �⇤ ⌦ =

... ⇥ |�⌦j�1 ⇥ |�⌦j ⇥ |�⌦j+1 ⇥ ...

| �⌅ ⌦ =

... ⇥ | ⌦j�1 ⇥ | ⌦j ⇥ | ⌦j+1 ⇥ ...

HIsing = �
⇤

j

�z
j�

z
j+1

1

⌦�z
j ↵

|�↵j | ↵j

�x |�↵ =| ↵

g 0

| � � � . . . ↵

|⌥⌥⌥ . . . ↵

g ⌅ 1

| �⇤ ↵

| �⇥ ↵

... ⇥ |⌥↵j�1 ⇥ |⌥↵j ⇥ |⌥↵j+1 ⇥ ...

g ⇧ 1

eigenstates | ⌥⌃↵ ⇤ 1�
2

�
|�↵± | ↵

⇥

with eigenvalues± 1 (1)

(2)

H quantum
Ising

= �
⇤

j

�z
j�

z
j+1 � g

⇤

j

�x
j

| �⇤ ↵ =

... ⇥ |�↵j�1 ⇥ |�↵j ⇥ |�↵j+1 ⇥ ...

1

⌦�z
j ↵

|�↵j | ↵j

�x |�↵ =| ↵

gc 0

| � � � . . . ↵

|⌥⌥⌥ . . . ↵

g ⌅ 1

| �⇤ ↵

| �⇥ ↵

... ⇥ |⌥↵j�1 ⇥ |⌥↵j ⇥ |⌥↵j+1 ⇥ ...

g ⇧ 1

eigenstates | ⌥⌃↵ ⇤ 1�
2

�
|�↵± | ↵

⇥

with eigenvalues± 1 (1)

(2)

H quantum
Ising

= �
⇤

j

�z
j�

z
j+1 � g

⇤

j

�x
j

| �⇤ ↵ =

... ⇥ |�↵j�1 ⇥ |�↵j ⇥ |�↵j+1 ⇥ ...

order parameter



1

H quantum
Ising

= �
⇤

j

⇤z
j⇤

z
j+1 � g

⇤

j

⇤x
j

| ⇥⇥ ⌥ =

... ⇥ |⌅⌥j�1 ⇥ |⌅⌥j ⇥ |⌅⌥j+1 ⇥ ...

| ⇥⇤ ⌥ =

... ⇥ |⇧⌥j�1 ⇥ |⇧⌥j ⇥ |⇧⌥j+1 ⇥ ...

HIsing = �
⇤

j

⇤z
j⇤

z
j+1

H = ⇥jC2

qubit states are realized by spin-
1

2
states:

eigenstates of Sz =
�
2
⇤z =

�
2

�
1 0
0 �1

⇥
with eigenvalues ± �

2

|1⌥, |0⌥

|⌅⌥ =
�

1
0

⇥
, |⇧⌥ =

�
0
1

⇥
⌃ C2

|⌅⌥ = � |1⌥+ ⇥ |0⌥

|� |2 + |⇥ |2= 1

|⌅⌥ = � |⌅⌥+ ⇥ |⇧⌥

�x�p ⇤ �/2 !

1

g 0

| � � � . . . ⌦

|⌥⌥⌥ . . . ⌦

g ⌅ 1

| �⇤ ⌦

| �⇥ ⌦

... ⇥ |⌥⌦j�1 ⇥ |⌥⌦j ⇥ |⌥⌦j+1 ⇥ ...

g ⇧ 1

eigenstates | ⌥⌃⌦ ⇤ 1↵
2

�
|�⌦± | ⌦

⇥

with eigenvalues± 1 (1)

(2)

H quantum
Ising

= �
⇤

j

�z
j�

z
j+1 � g

⇤

j

�x
j

| �⇤ ⌦ =

... ⇥ |�⌦j�1 ⇥ |�⌦j ⇥ |�⌦j+1 ⇥ ...

| �⌅ ⌦ =

... ⇥ | ⌦j�1 ⇥ | ⌦j ⇥ | ⌦j+1 ⇥ ...

HIsing = �
⇤

j

�z
j�

z
j+1

1

g 0

| � � � . . . ⌦

|⌥⌥⌥ . . . ⌦

g ⌅ 1

| �⇤ ⌦

| �⇥ ⌦

... ⇥ |⌥⌦j�1 ⇥ |⌥⌦j ⇥ |⌥⌦j+1 ⇥ ...

g ⇧ 1

eigenstates | ⌥⌃⌦ ⇤ 1↵
2

�
|�⌦± | ⌦

⇥

with eigenvalues± 1 (1)

(2)

H quantum
Ising

= �
⇤

j

�z
j�

z
j+1 � g

⇤

j

�x
j

| �⇤ ⌦ =

... ⇥ |�⌦j�1 ⇥ |�⌦j ⇥ |�⌦j+1 ⇥ ...

| �⌅ ⌦ =

... ⇥ | ⌦j�1 ⇥ | ⌦j ⇥ | ⌦j+1 ⇥ ...

HIsing = �
⇤

j

�z
j�

z
j+1

1

⌦�z
j ↵

|�↵j | ↵j

�x |�↵ =| ↵

gc 0

| � � � . . . ↵

|⌥⌥⌥ . . . ↵

g ⌅ 1

| �⇤ ↵

| �⇥ ↵

... ⇥ |⌥↵j�1 ⇥ |⌥↵j ⇥ |⌥↵j+1 ⇥ ...

g ⇧ 1

eigenstates | ⌥⌃↵ ⇤ 1�
2

�
|�↵± | ↵

⇥

with eigenvalues± 1 (1)

(2)

H quantum
Ising

= �
⇤

j

�z
j�

z
j+1 � g

⇤

j

�x
j

| �⇤ ↵ =

... ⇥ |�↵j�1 ⇥ |�↵j ⇥ |�↵j+1 ⇥ ...

1

↵�z
j � ⌦= 0 ↵�z

j � = 0

|��j | �j

�x |�� =| �

gc 0

| � � � . . . �

|⌥⌥⌥ . . . �

g ⌅ 1

| �⇤ �

| �⇥ �

... ⇥ |⌥�j�1 ⇥ |⌥�j ⇥ |⌥�j+1 ⇥ ...

g ⇧ 1

eigenstates | ⌥⌃� ⇤ 1�
2

�
|��± | �

⇥

with eigenvalues± 1 (1)

(2)

H quantum
Ising

= �
⇤

j

�z
j�

z
j+1 � g

⇤

j

�x
j

| �⇤ � =

... ⇥ |��j�1 ⇥ |��j ⇥ |��j+1 ⇥ ...

1

↵�z
j � ⌦= 0 ↵�z

j � = 0

|��j | �j

�x |�� =| �

gc 0

| � � � . . . �

|⌥⌥⌥ . . . �

g ⌅ 1

| �⇤ �

| �⇥ �

... ⇥ |⌥�j�1 ⇥ |⌥�j ⇥ |⌥�j+1 ⇥ ...

g ⇧ 1

eigenstates | ⌥⌃� ⇤ 1�
2

�
|��± | �

⇥

with eigenvalues± 1 (1)

(2)

H quantum
Ising

= �
⇤

j

�z
j�

z
j+1 � g

⇤

j

�x
j

| �⇤ � =

... ⇥ |��j�1 ⇥ |��j ⇥ |��j+1 ⇥ ...

”ferromagnetic ” phase

broken Z2 symmetry

”paramagnetic” phase



1

H quantum
Ising

= �
⇤

j

⇤z
j⇤

z
j+1 � g

⇤

j

⇤x
j

| ⇥⇥ ⌥ =

... ⇥ |⌅⌥j�1 ⇥ |⌅⌥j ⇥ |⌅⌥j+1 ⇥ ...

| ⇥⇤ ⌥ =

... ⇥ |⇧⌥j�1 ⇥ |⇧⌥j ⇥ |⇧⌥j+1 ⇥ ...

HIsing = �
⇤

j

⇤z
j⇤

z
j+1

H = ⇥jC2

qubit states are realized by spin-
1

2
states:

eigenstates of Sz =
�
2
⇤z =

�
2

�
1 0
0 �1

⇥
with eigenvalues ± �

2

|1⌥, |0⌥

|⌅⌥ =
�

1
0

⇥
, |⇧⌥ =

�
0
1

⇥
⌃ C2

|⌅⌥ = � |1⌥+ ⇥ |0⌥

|� |2 + |⇥ |2= 1

|⌅⌥ = � |⌅⌥+ ⇥ |⇧⌥

�x�p ⇤ �/2 !

1

g 0

| � � � . . . ⌦

|⌥⌥⌥ . . . ⌦

g ⌅ 1

| �⇤ ⌦

| �⇥ ⌦

... ⇥ |⌥⌦j�1 ⇥ |⌥⌦j ⇥ |⌥⌦j+1 ⇥ ...

g ⇧ 1

eigenstates | ⌥⌃⌦ ⇤ 1↵
2

�
|�⌦± | ⌦

⇥

with eigenvalues± 1 (1)

(2)

H quantum
Ising

= �
⇤

j

�z
j�

z
j+1 � g

⇤

j

�x
j

| �⇤ ⌦ =

... ⇥ |�⌦j�1 ⇥ |�⌦j ⇥ |�⌦j+1 ⇥ ...

| �⌅ ⌦ =

... ⇥ | ⌦j�1 ⇥ | ⌦j ⇥ | ⌦j+1 ⇥ ...

HIsing = �
⇤

j

�z
j�

z
j+1

1

g 0

| � � � . . . ⌦

|⌥⌥⌥ . . . ⌦

g ⌅ 1

| �⇤ ⌦

| �⇥ ⌦

... ⇥ |⌥⌦j�1 ⇥ |⌥⌦j ⇥ |⌥⌦j+1 ⇥ ...

g ⇧ 1

eigenstates | ⌥⌃⌦ ⇤ 1↵
2

�
|�⌦± | ⌦

⇥

with eigenvalues± 1 (1)

(2)

H quantum
Ising

= �
⇤

j

�z
j�

z
j+1 � g

⇤

j

�x
j

| �⇤ ⌦ =

... ⇥ |�⌦j�1 ⇥ |�⌦j ⇥ |�⌦j+1 ⇥ ...

| �⌅ ⌦ =

... ⇥ | ⌦j�1 ⇥ | ⌦j ⇥ | ⌦j+1 ⇥ ...

HIsing = �
⇤

j

�z
j�

z
j+1

1

⌦�z
j ↵

|�↵j | ↵j

�x |�↵ =| ↵

gc 0

| � � � . . . ↵

|⌥⌥⌥ . . . ↵

g ⌅ 1

| �⇤ ↵

| �⇥ ↵

... ⇥ |⌥↵j�1 ⇥ |⌥↵j ⇥ |⌥↵j+1 ⇥ ...

g ⇧ 1

eigenstates | ⌥⌃↵ ⇤ 1�
2

�
|�↵± | ↵

⇥

with eigenvalues± 1 (1)

(2)

H quantum
Ising

= �
⇤

j

�z
j�

z
j+1 � g

⇤

j

�x
j

| �⇤ ↵ =

... ⇥ |�↵j�1 ⇥ |�↵j ⇥ |�↵j+1 ⇥ ...

1

↵�z
j � ⌦= 0 ↵�z

j � = 0

|��j | �j

�x |�� =| �

gc 0

| � � � . . . �

|⌥⌥⌥ . . . �

g ⌅ 1

| �⇤ �

| �⇥ �

... ⇥ |⌥�j�1 ⇥ |⌥�j ⇥ |⌥�j+1 ⇥ ...

g ⇧ 1

eigenstates | ⌥⌃� ⇤ 1�
2

�
|��± | �

⇥

with eigenvalues± 1 (1)

(2)

H quantum
Ising

= �
⇤

j

�z
j�

z
j+1 � g

⇤

j

�x
j

| �⇤ � =

... ⇥ |��j�1 ⇥ |��j ⇥ |��j+1 ⇥ ...

1

↵�z
j � ⌦= 0 ↵�z

j � = 0

|��j | �j

�x |�� =| �

gc 0

| � � � . . . �

|⌥⌥⌥ . . . �

g ⌅ 1

| �⇤ �

| �⇥ �

... ⇥ |⌥�j�1 ⇥ |⌥�j ⇥ |⌥�j+1 ⇥ ...

g ⇧ 1

eigenstates | ⌥⌃� ⇤ 1�
2

�
|��± | �

⇥

with eigenvalues± 1 (1)

(2)

H quantum
Ising

= �
⇤

j

�z
j�

z
j+1 � g

⇤

j

�x
j

| �⇤ � =

... ⇥ |��j�1 ⇥ |��j ⇥ |��j+1 ⇥ ...

”ferromagnetic ” phase

broken Z2 symmetry

”paramagnetic” phase

Why bother? 
Who cares about a phase   
transition at T = 0?
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broken Z2 symmetry

”paramagnetic” phase

Quantum phase 
transitions control   
the physics at finite T!
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universal qubit dynamics, 
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interactions in 1D
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universal qubit dynamics, 
e.g. relaxation rate:
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A collective dynamical property of coupled qubits is determined only 
by the absolute temperature and by fundamental constants of Nature !
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damping time of normal modes modes 
of gravitational field around a black hole

temperature of Hawking radiation

”AdS/CFT correspondence”

   review: S. Sachdev & B. Keimer, Physics Today, 29, Feb 2011 



For more about the basic theory  

of quantum phase transitions, 

see the book by Subir Sachdev:
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Jordan-Wigner

transformation

Exactly solvable! This is the reason why the model has become

a paradigm for QPTs... however, from the perspective of the theory 

of integrable models, it’s a bit too simple... no Yang-Baxter algebra, 

no quantum group extensions,.... 
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It all started back in 2002...
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NATURE 416, 608 (2002)

 ”We  have  argued  that  the  quantum 
critical  point  of  a  lattice  system 
corresponds  to  the  situation  where  the 
lattice  is  maximally  entangled. 
Evidence for this conjecture was found in 
our single-site  entanglement  results  for 
the  groundstate  of  the  quantum  Ising 
model.”
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                                ”... the quantum 
critical  point  of  a  lattice  system 
corresponds  to  the  situation 
where  the  lattice  is  maximally 
entangled.”

”Adiabatic quantum computation inherently brings the quantum 
system near to a point where a quantum phase transtion takes 
place. Entanglement is then expected to pervade the system...” 

Osborne and Nielsen, 2002



The 2002 papers by Osborne & Nielsen and Osterloh et al.  
inspired an enormous (and still ongoing!) research effort on 
entanglement in quantum many-particle systems... 

theory of topological
quantum matter

tensor network
methods for numerics

theory of quantum 
phase transitions

.........

For reviews, see L. Amico et al., Rev. Mod. Phys. 80, 517 (2008); X.-G. Wen, arXiv:1210.1281 [topological 
order]; N. Schuch, arXiv:1306.5551 [tensor networks]



Outline of lectures 
––––––––––––––––––––––––––––––––––– 

1. What is entanglement? How to calculate it? 

2. Quantum phase transitions in the 1D Hubbard model 

3. Integrability of the 1D Hubbard model, Bethe Ansatz, and all that...  

4. Entanglement from the Bethe Ansatz: What do we learn  
   about quantum phase transitions in the 1D Hubbard model?  

5. Summary and outlook

The connection between entanglement 
and quantum phase transitions is rather  
more intriguing than suggested in the  
original 2002 papers on the subject!


